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Introduction 



Let X be a smooth complex projective variety of dimension d. We call X a 
Calabi- Yau manifold if 

1. H\X, O x ) = for every i, < % < d, and 

2. K x ■= A d £l x = Ox, i-e., the canonical bundle is trivial. 
By the second condition and Serre duality we have 

dim#°(X, K x ) = dimH d (X, O x ) = 1 

i.e., the geometric genus of X is 1. 

Let Vt p x := A P Q X and let H q {Vt x ) be the (p, g)-th Hodge cohomology group 
of X with Hodge number h p ' q {X) := dim c H q (tt p x ). The Hodge numbers 
are important invariants of X. There are some symmetries on the Hodge 
numbers. By complex conjugation we have H q (Q p x ) = H p (Q q x ) and by Serre 
duality we have H q (Q x ) = H d ~ q (Vt d x p ). By the Hodge decomposition 

H k (X,C) = ® p+q=k H q (Q x ) 

we have 

k 

h k (X) = h M {X) = Y^h l ' k '\X) . 

p+q=k i=0 

The topological Euler characteristic of X is an important invariant. It is 
defined as follows 

2d 

X (X) := J2(~l) k h k (X) . 

The conditions for X to be Calabi- Yau assert that h h °(X) = for < i < d 
and that h°>°(X) = h d '°(X) = I. 
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We consider Calabi-Yau manifolds of dimension 3 in this text, these are 
simply called Calabi- Yau threefolds. In this case the relevant Hodge numbers 
are often displayed as a Hodge diamond. 

h o,o 
h i,o h o,i 

h 2,0 h l,l h 0,2 
h 3,0 h 2,l h l,2 h 0,3 
h 3,l h 2,2 h l,3 
h 3,2 h 2,3 
h 3,3 

By the properties mentioned above, the Hodge diamond reduce to 

1 



h 1 ' 1 
1 h 2 ' 1 h 1 ' 2 1 
h 2 > 2 

1 

with the equalities h 1 ' 1 = h 2 ' 2 and h 1 ' 2 = h 2,1 as explained above. In this 
case, the Euler characteristic of X is 

X (X) = 2(h 1 '\X)-h 1 ' 2 (X)) 

Physicists have discovered a phenomenon for Calabi-Yau threefolds, known 
as mirror symmetry. This is conjectured to be a correspondence between 
families of Calabi-Yau threefolds X and X° with the isomorphisms 

H q (X, A P Q X ) H q {X°, Q p xo ) 

and vice versa, where Ox is the tangent sheaf of X. Since A p Qx is isomorphic 
to this gives the numerical equality h p ' q (X) = h p,3 ~ q (X°), and hence 

X(X) = — x(X°), which we will verify for some examples in this thesis. These 
symmetries correspond to reflecting the Hodge diamond along a diagonal. 

For trivial reasons, the mirror symmetry conjecture, as stated above, fails 
for the Calabi-Yau threefolds where h 2,1 (X) = 0, since Calabi-Yau manifolds 
are Kahler, so /i 1,1 (X) > 0. 

A nonlinear sigma model consists of a Calabi-Yau threefold X and a 
complexified Kahler class u = B + iJ on X, where B and J are elements 
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of H 2 (X, K), with J a Kahler class. The moduli, i.e. how one can de- 
form the complex structure and the complexified structure u, is governed by 
-f^ 1 (©x) arid if 1 (fix), respectively. The isomorphisms iJ 1 (Gx) — -f^ 1 (fix°) 
and — ^(Qx) give a local isomorphism between the complex 

moduli space of X and the Kahler moduli space of u°, and between the 
complex moduli space of X° and the Kahler moduli space of u. These local 
isomorphisms are collectively called the mirror map. A general reference on 
Calabi-Yau manifolds and mirror symmetry is the book by Cox and Katz [10J. 

In this thesis we study projective Stanley-Reisner schemes obtained from 
triangulations of 3-spheres, i.e. X Q := Pto](Ak) for K a triangulation of 
a 3-sphere and Ak its Stanley-Reisner ring. These schemes are embedded 
in P n for various n. We obtain Calabi-Yau 3-folds by smoothing (when a 
smoothing exists) such Stanley-Reisner schemes. 

The first mirror construction by Greene and Plesser for the general quintic 
hypersurface in P 4 will be reviewed in Chapter 1. 

In Chapter 2 we give a method for computing the Hodge number h l,2 (X) 
of a small resolution X — y X, where X is a deformation of a Stanley-Reisner 
scheme Xq with the only singularities of X being nodes. We use results 
on cotangent cohomology, and a lemma by Kleppe [20J, which in our case 
states that T x = T\ for X = Proj(v4), i.e. the module of embedded (in P n ) 
deformations of X is isomorphic to the degree part of the module of first 
order deformations of the ring A. We compute the Hodge number h 1,2 (X) 
as the dimension of the kernel of the evaluation morphism T\ — » @iT\., 
where Ai is the local ring of a node Pj. We use this method in the only non- 
smoothable example in Chapter 3, where we construct a Calabi-Yau 3-fold 
with h 1,2 (X) = 86 from a small resolution of a variety with one node. 

Griinbaum and Sreedharan |16] proved that there are 5 different combi- 
natorial types of triangulations of the 3-sphere with 7 vertices. In Chapter 
3 we compute the Stanley-Reisner schemes of these triangulations. They are 
Gorenstein and of codimension 3, and we use a structure theorem by Buchs- 
baum and Eisenbud [H] to describe the generators of the Stanley-Reisner 
ideal as the principal Pfaffians of its skew-symmetric syzygy matrix. This 
approach combined with results by Altmann and Christophersen [2] on de- 
forming combinatorial manifolds, gives a method for computing the versal 
deformation space of the Stanley-Reisner scheme of such a triangulation. As 
we mentioned above, we get a non-smoothable Stanley-Reisner scheme in one 
case. In the four smoothable cases, we compute the Hodge numbers of the 
smooth fibers, following the exposition in [21]. We also compute the auto- 
morphism groups of the triangulations, and consider subfamilies invariant 
under this action. 
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R,0dland constructed in [21] a mirror of the 3-fold in P 6 of degree 14 
generated by the principal pfaffians of a general 7x7 skew-symmetric matrix 
with general linear entries, done by orbifolding. Bohm constructed in [8] a 
mirror candidate of the 3-fold in P 6 of degree 13 generated by the principal 
pfaffians of a 5 x 5 skew-symmetric matrix with general quadratic forms in one 
row (and column) and linear terms otherwise. This was done using tropical 
geometry. In Chapter 4 we describe how the R0dland and Bohm mirrors are 
obtained from the triangulations in Chapter 3, and in Chapter 5 we verify 
that the Euler characteristic of the Bohm mirror candidate is what it should 
be. 

In general, the mirror constructions we consider in this thesis are obtained 
in the following way. We consider the automorphism group G := Aut(i^) 
of the simplicial complex K. The group G induces an action on Th , the 
module of first order deformations of the Stanley-Reisner scheme Xq in the 
following way. Since an element of T\ Q is represented by a homomorphism 
<fi G Hom(/// 2 , A), an action of g G G can be defined by (g-<p)f = g-^ig 1 '!), 
where / G / is a representative for a class in the quotient I /I 2 . 

There is also a natural action of the torus (C*)™ +1 on Xo C P™ as follows. 
An element A = (Ao, . . . , A„) G (C*) n+1 sends a point (xq, . . . , x n ) of P™ to 
(Ao^o, • • • , \ n x n )- The subgroup {(A, . . . , A)|A G C*} acts as the identity on 
P™, so we have an action of the quotient torus T n := (C*) n+1 /C*. Since Ix 
is generated by monomials it is clear that T n acts on X . 

We compute the family of first order deformations of Xo. When the 
general fiber is smooth, we consider a subfamily, invariant under the action of 
G, where the general fiber X t of this subfamily has only isolated singularities. 
We compute the subgroup H C T n of the quotient torus which acts on this 
chosen subfamily, and consider the singular quotient Y t = X t /H. The mirror 
candidate of the smooth fiber is constructed as a crepant resolution of Y t . In 
Chapter 4 we perform these computations in order to reproduce the R0dland 
and Bohm mirrors. 

In Chapter 5 we verify that the Euler characteristic of the Bohm mirror 
candidate is 120. This is as expected since the cohomology computations in 
Chapter 3 give Euler characteristic -120 for the original manifold obtained 
from smoothing the Stanley-Reisner scheme of the triangulation. 

We compute the Euler characteristic of the Bohm mirror using toric ge- 
ometry. A crepant resolution is constructed locally in 4 isolated Q 12 singu- 
larities. These 4 singularities and two other points are fixed under the action 
of the group G, which is isomorphic to the dihedral group -D4. The sub- 
group H of the quotient torus acting on the chosen subfamily is isomorphic 
to Z/13Z. Denote one of these singularities by V. The singularity is em- 
bedded in C A /H, which is represented by a cone a in a lattice N isomorphic 



9 



to Z 4 . A resolution — > C A /H corresponds to a regular subdivision of a. 
This subdivision is computed using the Maple package convex and it 
has 53 maximal cones which are spanned by 18 rays. The following diagram 
commutes, where V is the strict transform of V. 



-Xs 



V<- -C 4 /# 

Each ray p in £, aside from the 4 generating the cone cr, determines an 
exceptional divisor D p in X^,. Hence there are 14 exceptional divisors in X^. 
For every ray p, the exceptional divisor D p is a smooth, complete toric 3-fold 
and comes with a fan Star(p) in a lattice N(p) and a torus T p corresponding 
to these lattices. The subvariety will only intersect 10 of these exceptional 
divisors D p . In 9 of these 10 cases the intersection is irreducible and in one 
case the intersection has 4 components, but one of these is the intersection 
with another exceptional divisor. All in all the exceptional divisor E in V 
has 12 components E\, . . . , E^. 

To compute the type of the components Ei, several different techniques 
are needed depending upon the complexity of D p . In some cases the inter- 
section V PI T p is a torus. In some cases D(p) is a locally trivial P 1 bundle 
over a smooth toric surface. In some cases Ei is an orbit closure in X-% corre- 
sponding to a 2-dimensional cone in X. In one case we construct a polytope 
which has Star(p) as its normal fan. 

The space E is a normal crossing divisor. We compute the intersection 
complex by looking at the various intersections V R D pi R D p2 and V R D pi R 
D P2 R D P3 , and we compute the Euler characteristic of E. For the two other 
quotient singularities we use the McKay correspondence by Batyrev [6] in 
order to find the euler characteristic. We put all this together in order to get 
the Euler characteristic of the resolved variety. 

Computer algebra programs like Macaulay 2 [13], Singular [H] and Maple 
[TJ have been used extensively throughout my studies, partly for handling ex- 
pressions with many parameters and getting overview, but also for proving 
results. The code is not always included, but it is hoped that enough infor- 
mation is provided in order for the computations to be verified by others. 
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Preliminaries 



0.1 Simplicial Complexes and Stanley- Reisner 
schemes 

Throughout this thesis we will work over the field of complex numbers C. 
We will first give some basic definitions. Let [n] = {0, . . . , n} be the set of all 
positive integers from to n, and let A n denote the set of all subsets of [n]. 
We view a simplicial complex as a subset K of A n with the property that if 
/ G K, then all the subsets of / are also in K. The elements of K are called 
faces of K. Let p G A n . In the polynomial ring R = C[xo, . . . , x n ], let x p be 
defined as the monomial U iep Xi. We define the set of "non-faces" of K to be 
the complement of K in A n , i.e. Mk = A n \ K. The Stanley-Reisner ideal 
Ik is defined as the ideal generated by the monomials corresponding to the 
"non-faces" of K, i.e. 

I K = (x p e R | p e M K ) ■ 

The Stanley-Reisner ring is defined as the quotient ring Ak = R/Ik- The 
projective scheme 

F(K) := Proj (A K ) 

is called the projective Stanley-Reisner scheme. 

We will need the following definitions. For an face / G K, we define the 
link of / in K as the set 

link (/, K) := {g G K \ g n / = and g U / G K} . 

We set [K] C [n] to be the vertex set [X] = {i G [n] : i G X}. The closure 
of / is defined as / = {<? G A n : g C /}. The boundary of / is defined as 

13 
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df = {g G A„ : g C / proper subset}. The jom of two complexes X and Y 
is defined by 



where the symbol U denotes disjoint union. The geometric realization of K, 
denoted \K\, is defined as 



where supp(ct) := {i : a(i) 7^ 0} is the support of the function a. The real 
number a(i) is called the ith barycentric coordinate of a. One can define a 
metric topology on K by defining the distance d(a, (3) between two elements 

a and (3 as 



For a general reference on simplicial complexes, see the book by Spanier [26J . 

The schemes F(K) are singular. In fact, F(K) is the union of projective 
spaces, one for each facet (maximal face) in the simplicial complex K, inter- 
secting the same way as the facets intersect in K. The proof of this statement 
is combinatorial: Let p G A n be a set with the property that p R q 7^ for all 
q G Mk and suppose also that p ^ [n]. Then the complement p c := [n] — p 
is a face of K, and p c 7^ 0. Note that if p is a minimal set with the prop- 
erty mentioned above, then p c is a facet. Recall that x p is defined as the 
monomial x p := Hi £p Xi, and that the Stanley- Reisner ideal of K is generated 
by the monomials x q with q G M^. If Xi — for all i £ p, then all the 
monomials x q are zero, since each x q contains a factor Xi when p has the 
property mentioned above and i G p. Hence the scheme F(K) is the union 
of projective spaces which are defined by such p, i.e. given by Xi = for all 
i G j). These projective spaces are of dimension \p c \ — 1, and they are in one 
to one correspondence with the faces p c . 

We will now mention some special triangulations of spheres which will 
be of importance in this thesis. The most basic triangulation of the n — 1- 
sphere is the boundary dA n of the n-simplex A n (more precisely, with the 
definition of boundary of a face given above, it is the boundary of the unique 
facet [n] = {0, . . . , n} of A n .) For n — 1 it is the union of two vertices. 
For n = 2 it is the boundary of a triangle, denoted E%. All triangulations 
of S 1 are boundaries of n-gons, denoted E n , for n > 3. The boundary of 
the 3-simplex dA% is the boundary of a regular pyramid. From now on, 
we will for simplicity omit the word "boundary", and we will denote the 



X*Y = {fUg\feXgeY}, 



K\ := {a : [n] —> [0, 1] : supp(a) G Xand ^ct(z) = 1} , 
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triangulations of spheres as triangles, n-gons, pyramids etc. Other basic 
triangulations of S> 2 are the suspension of the triangle Y1E3 (double pyramid) 
and the octahedron HE4 (double pyramid with quadrangle base). Let Ck be 
the chain of k 1-simplices, i.e. {{0, 1}, {1, 2}, . . . , {k — 1, k}}. Let Ai be the 
set of all subsets of {n — 2,n — 1}. Then we define (the boundary of) the 
cyclic polytope, dC(n, 3), as the union (C n _3 * dAi) U J, where J is the join 
Ai * {{0}, {n — 3}} (see the book by Griinbaum [15J for details). 

0.2 Deformation Theory 

Given a scheme X over C, a family of deformations, or simply a deformation 
of Xq is defined as a cartesian diagram of schemes 



Spec(C) *S 

where tt is a flat and surjective morphism and S is connected. The scheme 
S is called the parameter space of the deformation, and X is called the total 
space. When S = Sped? with B an artinian local C-algebra with residue 
field C we have an infinitesimal deformation. If in addition the ring B is 
the ring of dual numbers, B = C[e]/(e 2 ), the deformation is said to be of 
first order. A smoothing is a deformation where the general fiber X t of it is 
smooth. For a general reference on deformation theory, see e.g. the book by 
Hartshorne [19] or the book by Sernesi |25| . 

For a construction of the cotangent cohomology groups in low dimen- 
sions, see e.g. Hartshorne [19], where cotangent complex and the cotangent 
cohomology groups T l (A/S, M) are constructed for 2 = 0,1 and 2, where 
S — > A is a ring homomorphism and M is an A-module. This is part of the 
cohomology theory of Andre and Quillen, see e.g. the book by Andre [I]. 

We will be interested in the case with M = A and S = C, and in this 
case the cotangent modules will be denoted T\. We will consider the first 
three of these. The module T\ describes the derivation module Deic{A, A). 
The module T\ describes the first order deformations, and the T\ describes 
the obstructions for lifting the first order deformations. 

Let R be a polynomial ring over C and let A be the quotient of R by an 
ideal /. The module T\ is the cokernel of the map 

Der(_R, A) ->■ Rom R (I,A) ^ Rom A (I / 1 2 , A) , 
where a derivation : R — > A is mapped to the restriction <p\I : I — >■ A. Let 
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^Rel -^R ^A 

be an exact sequence presenting A as an R module with F free. Let Rel 
be the submodule of Rel generated by the Koszul relations; i.e. those of the 
form j(x)y — j(y)x. Then Rel/Relo is an A module and we have an induced 
map 

Hom j4 (F/Rel ® R A, A) -»■ Hom j4 (Rel/Rel , A) . 

The module T\ is the cokernel of this map. 

The T % functors are compatible with localization, and thus define sheaves. 

Definition 0.2.1. Let S be a sheaf of rings on a scheme X, A an S-algebra 
and M. an A-module. We define the sheaf T\, s (Ai) as the sheaf associated 
to the presheaf 

U ^T(A(U)/S(U);M(U)) 

Let X be a scheme A = O x , M. = A and S = C, and denote by T x the 
sheaf Tq x / c - The modules T % x are defined as the hyper-cohomology of the 
cotangent complex on X. 

For projective schemes, we will be interested in the deformations that are 
embedded in P n , and the following lemma will be useful. 

Lemma 0.2.1. If A is the Stanley- Reisner ring of a triangulation of a 3- 
sphere and X = ProjA, then there is an isomorphism 

1 x — 1 a,o ■ 



Proof. See the article by Kleppe [2U], Theorem 3.9, which in the case \i = 0, 
i = 1 and n > 1 (and in our notation) states that there is a canonical 
morphism 

which is a bijection if depth m v4 > 3, where m is the ideal U i>0 ^4i- Note 
that the Stanley-Reisner ring corresponding to a triangulation of a sphere 
is Gorenstein (see Corollary 5.2, Chapter II, in the book by Stanley |27|). 
If A is the Stanley-Reisner ring of a triangulation of a 3-sphere a, we have 
depth m A = 4, hence the morphism above is a bijection. □ 
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When the simplicial complex K is a triangulation of the sphere, i.e. \K\ = 
§ n , a smoothing of Xq yields an elliptic curve, a K3 surface or a Calabi-Yau 
3-fold when n = 1, 2 or 3, respectively. We will prove this in the n = 3 case. 

Theorem 0.2.1. A smoothing, if it exists, of the Stanley-Reisner scheme of 
a triangulation of the 3-sphere yields a Calabi- Yau 3-fold. 

Proof. Sheaf cohomology of Xq is isomorphic to simplicial cohomology of 
the complex K with coefficients in C, i.e. H 1 (Xq, Ox ) = h l (K,C). This is 
proved in Theorem 2.2 in the article by Altmann and Christophersen [3J. The 
semicontinuity theorem (see Chapter III, Theorem 12.8 in [IB]) implies that 
h*(Xt,Ox t ) = for all t when ^(Jf ,£>x ) = 0. Third, the Stanley-Reisner 
scheme Xq of an oriented combinatorial manifold has trivial canonical bundle 
ux , hence ux t is trivial for all t. This is proved in the article by Bayer and 
Eisenbud [7], Theorem 6.1. □ 



0.3 Results on deforming Combinatorial Man- 
ifolds 

A method for computing the T l is given in the article by Altmann and 
Christophersen [3j. If K is a simplicial complex on the set {0, . . . ,n} and 
A := Ax is the Stanley-Reisner ring associated to K, then the T\ is Z n+1 
graded. For a fixed c G Z™ +1 write c = a — b where a = (do, • • • , a n ) and 
b = {bo, . . . b n ) with dj, 6; > and = 0. Let x a be the monomial 
n n - We define the support of a to be a = {i G [n]|at 7^ 0}. Thus if 
a G {0, 1}™ +1 , then we have x a = x a . If a,b C {0, . . . ,n} are the supporting 
subsets corresponding to a and b, then a fl b = 0. The graded piece T\ c 
depends only on the supports a and b, and vanish unless a is a face in K, 
h G {0, 1}™ and b C [link(a, K)]. 

The module Hom^(Jo, A) c sends each monomial x p in the generating set 
of the Stanley-Reisner ideal Iq defining A = R/Iq to the monomial when 
b C p, and otherwise. This corresponds to perturbing the generator x p of 
Iq to the generator x p + t^^- of a deformed ideal It- 

If I If I = § 3 , then the link of every face /, |link(/)|, is a sphere of dimension 
2 — dim(/). We will need some results on how to compute the module T\ 
for these Stanley-Reisner schemes. We will list results from [2j. We write 
T^ Q (X) for the sum of the graded pieces T\ c with a = 0, i.e. a = 0. 

Theorem 0.3.1. If K is a manifold, then 

T a= E T l <0 (link(a,X)) 

ag Z™ with ae X 
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Manifold 


K 


dim T3q 


two points 


dAt 


1 


triangle 


E 3 


4 


quadrangle 


£ 4 


2 


tetraedron 


dA 3 


11 


suspension of triangle 


££ 3 


5 


octahedron 


££ 4 


3 


suspension of n-gon 


TiE n , n > 5 


1 


cyclic polytope 


dC(n,3), n>Q 


1 



Table 1: T 1 in low dimensions 

where T^ (link(a, X)) is the sum of the one dimensional T}_ b (link(a, X)) over 
all b C [link(a, X)] with \b\ > 2 such that link(a,X) = L * db if b is not a 
face of link(a, X), or link(a, X) = L * dbn dL *b if b is a face of link(a, X) . 
In the first case \L\ is a (n — \b\ + l)-sphere, in the second case \L\ is a 
(n-\b\ + l)-ball 

The following proposition lists the non trivial parts of T^ (link(a, X)). 

Proposition 0.3.2. If K is a manifold, then the contributions to T^ (link(a, X)) 
are the ones listed in Table 1. Here dC(n,3) is the cyclic polytope defined in 
section \U.1\ and E n is an n-gon. 

A non-geometric way of computing the degree zero part of the C-vector 
space T\ is given in the Macaulay 2 code in Appendix A, when p is an ideal 
and T is the polynomial ring over a finite field. 

0.4 Crepant Resolutions and Orbifolds 

In this thesis, we will construct Calabi-Yau manifolds by crepant resolutions 
of singular varieties. In some cases these singular varieties are orbifolds. A 
crepant resolution of a singularity does not affect the dualizing sheaf. In the 
smooth case, the dualizing sheaf coincides the canonical sheaf, which is trivial 
for Calabi Yau manifolds. An orbifold is a generalization of a manifold, and 
it is specified by local conditions. We will give precise definitions below. 

Definition 0.4.1. A d-dimensional variety X is an orbifold if every p e X 
has a neighborhood analytically equivalent to G U/G, where G C GL(n,C) 
is a finite subgroup with no complex reflections other than the identity and 
U C C d is a G-stable neighborhood of the origin. 



0.5. SMALL RESOLUTIONS OF NODES 
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A complex reflection is an element of GL(n, C) of finite order such that 
d — 1 of its eigenvalues are equal to 1. In this case the group G is called a 
small subgroup of GL(n, C), and {U/G, 0) is called a local chart of X at p. 

Let X be a normal variety such that its canonical class Kx is Q-Cartier, 
i.e., some multiple of it is a Cartier divisor, and let / : Y — > X be a resolution 
of the singularities of X. Then 



where the sum is over the irreducible exceptional divisors, and the dj are 
rational numbers, called the discrepancies. 

Definition 0.4.2. If a{ > for all i, then the singularities of X are called 
canonical singularities. 

Definition 0.4.3. A birational projective morphism /: Y — >■ X with Y 
smooth and X with at worst Gorenstein canonical singularities is called a 
crepant resolution of X if f*Kx = Ky (i.e. if the discrepancy Ky — f*Kx 
is zero). 

0. 5 Small resolutions of nodes 

Let X be a variety obtained from deforming a Stanley-Reisner scheme ob- 
tained from a triangulation of the 3-sphere, where the only singularity of X is 
a node. If there is a plane S passing through the node, contained in X, then 
there exists a crepant resolution it: X — > X with X smooth. To see this, 
consider a smooth point of X. As S is smooth, S is a complete intersection, 

1. e., defined by only one equation. The blow-up along 5* will thus have no 
effect as the blow-up will take place in X x P° outside the singular points. 
The singularity will be replaced by P 1 . The resolution is small (in contrast 
to the big resolution where the singularity is replaced by P 1 x P 1 ), i.e. 



for all r > 0, hence, the dualizing sheaf is left trivial. The resolved manifold 
X is Calabi-Yau. This result can be generalized to the case with several 
nodes, and S a smooth surface in X passing through the nodes. For details, 
see the article by Werner |28j . chapter XL 




K Y = r{K x ) + J2aiEi 



codimja; G X | dim/ (x) > r} > 2r 
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Chapter 1 

The Quintic Threefold 



It is well known that a smooth quintic hypersurface X C P 4 is Calabi-Yau. 
A smooth quintic hypersurface can be obtained by deforming the projective 
Stanley-Reisner scheme of the boundary of the 4-simplex. Since the only 
non-face of <9A 4 is {0, 1,2,3,4}, the Stanley-Reisner ideal I is generated by 
the monomial x^x-ix^x^x^ and the Stanley-Reisner ring is 

A = C[x , • • • x A }/ (x x l x 2 x 3 x 4: ) . 

The automorphism group Aut(if) of the simplicial complex is the symmetric 
group S 5 . 

Following the outline described in section I0.3[ we compute the family of 
first order deformations. The deformations correspond to perturbations of 
the monomial XQX1X2X3X4. Section [0731 describes which choices of the vectors 
a and b with support a and b give rise to a contribution to the module T\. 

The link of a vertex a is the tetrahedron 9A3. The only b with a R b = 
and b not face is if |6| = 4. The case where b is a face and |6| = 3 gives 4 
choices for each vertex a. The case where 6 is a face and \b\ = 2 gives 6 choices 
for each vertex a. All in all, the links of vertices give rise to 5 x 11 = 55 
dimensions of the degree part of T\ (as a C vector space) . 

The link of an edge a is the triangle <9A 2 . The only b with a PI b = 

and b not face is if |6| = 3. In this case, there are two possible choices of 

a with support a corresponding to a degree element of B.om^(I , A). The 

case where b is a face and |6| = 2 gives 3 choices for each edge a. All in all, 

the links of edges give rise to 10 x 5 = 50 dimensions of the degree part of 
'/J 

1 A- 

We represent each orbit under the action of S5 by a representative a and 
b, and all the orbits are listed in Table [TTTl Note that the monomials 
are derivations, hence give rise to trivial deformations. 
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a 


b 


perturbation 


# in S^-orbit 


{0} 


{1,2,3,4} 


Xq 


5 


{0} 


{1,2,3} 


4 

XqX 4 


20 


{0} 


{1,2} 


3 

X qX qX 4 


30 


{0,1} 


{2,3,4} 




20 


{0,1} 


{2,3} 


2 2 

a; a: 1 X4 


30 



Table 1.1: is 105 dimensional for the quintic threefold X 

We now choose the one parameter S'5-invariant family corresponding to 
a a vertex (i.e. support a = {j}) and b = [link(a, X)], i.e. 

X t = {(x ,...x 4 )eF*\f t = 0}, 

where f t = txQ+txl+tx2 + txl+txl+x XiX 2 x 3 X4 : . To simplify computations, 
we set 

ft = x + %\ + x 2 + x t + x l ~ 5tXoX 1 X 2 X3X 4 . 

This can be viewed as a family X — > P 1 with 

F(A) = X oo = {(x ,...,x 4 ) \UiXi = 0} 

our original Stanley- Reisner scheme. The natural action of the torus (C*) 5 
on C P 6 is as follows. An element A = (A ,...,A 4 ) G (C*) 5 sends a 
point (xo, ■ ■ ■ ,£4) of P 4 to (Ao^o, . . . , A 4 :r4). The subgroup {(A, . . . , A)|A G 
C*} acts as the identity on P 4 , so we have an action of the quotient torus 
T 4 := (C*) 5 /C*. Since X^ is generated by a monomial, it is clear that T 4 
acts on Xqq. 

We compute the subgroup H C T 4 of the quotient torus acting on X t 
as follows. Let the element A = (Ao, . . . , A4) act by sending (xo, . . . , X4) to 
(Ao^o, • • • , A4X4). For A to act on X t , we must have 

Aq = A^ = • • • = A| = n 4 =0 Aj , 

hence A, = £ ai where £ is a fixed fifth root of 1, and Xi °« = (mod 5). 
Hence H is the subgroup of (Z/5Z) 5 /(Z/5Z) given by 

{(ao, ■ ■ ■ ,a 4 ) I XX = 0} • 
This group acts on X t diagonally by multiplication by fifth roots of unity, 
i.e. (a , . . . a 4 ) G (Z/5Z) 5 acts by 
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where £ is a fixed fifth root of unity. We would like to understand the 
singularities of the space Y t := X t /H. For the Jacobian to vanish in a point 
(xq, . . . X4) we have to have x\ = txoX\X2X 3 X4, and hence Uxf = t 5 Uxf . Thus 
either t 5 = 1 or one of the Xi is zero. But if one Xi is zero, then they all are, 
and thus (x , . . . ,x 4 ) does not represent a point in P 4 . If t 5 7^ 1, then X t is 
nonsingular. If t 5 = 1, then X t is singular in the points (£ a °, . . . , £ a4 ) with 
a>i = modulo 5. Projectively, these points can be written 

(1 £~ a ° +ai £~ a o+ a 2 ^— ao+i3 ^3ao— 01— d2— 03^ 

This consists of 125 distinct singular points. 

From now on assume that \t\ < 1. The quotient X t /H is singular at each 
point x where the stabilizer H x is nontrivial. A point in P 4 has nontrivial 
stabilizer in H if at least two of the coordinates are zero. The points of the 
curves 

Cij = {xi = Xj = o}nx t 

have stabilizer of order 5. For example, the stabilizer of a point of the curve 
C i is generated by (2, 0, 1, 1, 1). The points of the set 

Pijk = {xi = Xj = x k = 0} n X t 

have stabilizer of order 25. 

It follows from this that the singular locus of Y t consists of 10 such curves 
Cij/H. We have C tJ /H = Proj(i^) where 

R = C[x ,...,x 4 \/(x i ,x j ,f t ) ■ 
For example, for C 01 the ring R is 

C[x 2 , x 3 , x A }/ (x\ + x\ + x\) . 
An element (a , . . . , 04) e H now acts on this ring by 

(X2,X 3 ,X 4 ) ^ (C 2 X2,C 3 X 3 ,C 4 X4) , 

so we have an action of (Z/5Z) 3 on R. For a monomial , to be invariant 

under this group action, we have to have i = j = k = mod 5, hence 

R H = C[y , y l} y 2 ]/(yo + Vi + Vt) , 

where y,i = xf +2 , and Proj(i?^) = P 1 . The curves intersect in the points 
Pijk/ H . 
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The singularity P^k/H locally looks like C 3 / (Z/5Z©Z/5Z), where the ele- 
ment (a, b) e Z/5Z©Z/5Z acts by sending (u, v, w) G C to (£ a u, £ b v, ^' a ~ b w). 
To see this, consider for example the set P := Pq\ 2 . This set consists of 5 
points projecting down to the same point in Y t . A neighborhood U of one of 
these 5 points projects down to U/H C Y t . By symmetry, the other singular- 
ities Pijk are similar. The set P is defined by the equations xq = x\ = x 2 = 
and x\ + x\ = 0. We consider an affine neighborhood of P, so we can assume 
X4 — 1. Set yi = Then we have 

/ = vl + y\ + y\ + vl + 1 - styovmys ■ 

The points Xo = a?i = x 2 = x\ + £4 = now correspond to y Q — yi — y 2 — 
1/3 + 1 = 0. Now set z 3 = y 3 + 1 and = yi for z = 0, 1, 2. Then we have 

/ = Zq + z\ + ^2 + — 5^^0-21-22^ • 

where u = 5 — IOZ3 + lOzf — 5z| + z 3 and i> = Z3 — 1 are units locally around 
the origin. For a fixed z 3 with (z 3 — l) 5 = —1, the group H acts on the 
coordinates Zq, z±, z 2 by Zj 1— >■ £ Qi -2j with a + ai + 02 = 0(mod 5), hence we 
get the quotient C 3 /(Z/5Z) 2 with the desired action. 

We can describe this situation by toric methods, i.e. we can find a cone 
a v with 

C 3 /(Z/5Z) 2 = Proj C[ yi ,y 2 ,y 3 ] H = U a » 

where U a v is the toric variety associated to o v ' . For a general reference on 
toric varieties, see the book by Fulton |12j . A monomial yfy 2 yj maps to 
£aa+bi3-(a+b)-y yayPy'y ^ ] ience the monomial is invariant under the action of H 
if 

aa + bj3 — (a + 6)7 = (mod 5) for all (a, 6) , 
i.e. a = (3 = 7 (mod 5). Let M C Z 3 be the lattice 

M := {(a,/3,7)|a = (3 = 7 (mod 5)} . 
The cone 0^ is the first octant in M ® z R = Z 3 ® z R. A basis for M is 



1 




5 







1 


> 





j 


5 


1 













We have 



C[M n a v ] = C[w 5 , f 5 , w 5 , uvw] = C[x, y, z, t]/(xyz - t 5 ) 
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Figure 1.1: Regular subdivision of a neighborhood of the point P, 



:.)k 



A basis for the dual lattice N = Hom(M, Z) is 



"1/5" 









"0" 







1/5 







-Vs. 




"VS. 




1 



and the cone a is the first octant in IR 3 = N £g>R M. The semigroup cr C\ N 
is spanned by the vectors 1/5 • ct2, 0:3) with ^ G Z and ^\ ctj = 5. 
Figure 11.11 shows a regular subdivision £ of a. The inclusion S C cr induces 
a birational map — >■ C/ CT on toric varieties. This gives a resolution of a 
neighborhood of each point Pijk- In the local picture in figure [TTT1 we have 
introduced 18 exceptional divisors, where 6 of these blow down to Pijk- In 
addition 12 of the exceptional divisors blow down to the curves U a D Cy, 
U a nCik and U a nCji~, 4 for each of the three curves intersecting in Pjjfc. This 
gives 10x6 + 10x4 = 1 00 exceptional divisors. 

By this sequence of crepant resolutions we get the desired mirror family 
X°. We have h l > l (X t ) = 1, h^ 2 {X t ) = 101, /i 1 ' 1 ^ ) = 101 and h}> 2 (X°) = 1. 
For additional details, see the book by Gross, Huybrechts and Joyce [17J, 
section 18.2. or the article by Morrison |22| . 
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Chapter 2 



Hodge numbers of a small 
resolution of a deformed 
Stanley-Reisner scheme 

Let X = Proj (A) be a singular fiber of the versal deformation space of 
a Stanley-Reisner scheme, with the only singularities of X being a finite 
number of nodes. Let X — > X be a small resolution of the singularities. 
Let Ai be the local rings Ox,p t where Pi is a node. The Hodge number 
h l,2 (X) is the dimension of the kernel of the map T\ Q — > @T\.. We will 
prove this in this chapter, and in the next chapter we will apply this result 
to the non-smoothable case in Section 13.41 

We have dim H\Q%) = h l ' 2 {X) since H 2 (X,Q}) = H X (X, (Vt 1 )" = 
H 1 (X, &x)' where the first isomorphism is Serre duality and the second fol- 
lows from the fact that u x is trivial. A general equation for the node is 
/ = Y2i=i x l- Then we have 

T\ t = C[x u x n ]/(f, df/dxx, df/dx n ) S C . 

Recall that if S is a sheaf of rings on a scheme X, A an 5-algebra and A4 
an ^4-module, we defined the sheaf T^/ 5 (A1) as the sheaf associated to the 
presheaf 

U ^T{A{U)/S{U)-M{U)) 
In this section, let A = Ox, M. = A and S — C, and denote by l~ x the sheaf 

Theorem 2.0.1. There is an exact sequence 
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where the map on the right hand side consists of the evaluations of an element 
ofT\ in the points Pi, and is easy to compute. 

Proof. There is a local-to-global spectral sequence with E\ ,q = H P (X,T X ) 
converging to the cotangent cohomology T x +q . Since T° is the tangent sheaf 
Ox, the beginning of the 5-term exact sequence of this spectral sequence is 

For a general reference on spectral sequences, see e.g. the book by McCleary 
[21] • By Lemma [2D we have H°(T}) = ®T\. . For a sheaf 7 on X, the 
small resolution tt : X — > X gives a Leray spectral sequence H P (X, R q iT^J r ) 
converging to H n (X , J 7 ). With J 7 = Q x , the beginning of the 5-term exact 
sequence is 

^H l {X,it*® x ) *H\X,Qz) >H°(X,R}it*Q x ) ■ 

By Lemma \2. 0.31 the last term is zero and tt*O x = Ox, hence we get the iso- 
morphisms H l (X,Q x ) = H 1 {X,<k*Q x ) S H\X,Gx). Lemma lOXTl states 
that T x = T\ fi . □ 

Lemma 2.0.2. If X has only isolated singularities, then T x — ®Ti Xp y 

Proof. The sheaf T x is associated to the presheaf U i— >■ Ty. If U contains no 
singular points, then = 0. □ 

Lemma 2.0.3. We have 7r*Oj£ = Ox and R l ii*Q x = 0. 

Proof. i? 1 7r*0^ has support in the nodes, so this computation can be done 
locally. Take an affine neighborhood V of a node, and take the locally small 
resolution of the node. The node is given by the equation xy — zw = in 
C 4 , and V is the blow-up along the ideal (x,z). Hence, V C {xU — Tz = 
0} C C 4 x P 1 , where (U,T) are the coordinates on P 1 . We prove first that 
H l {V, Oy) = using Cech- cohomology. Consider the two maps U\ and U2 
given by T 7^ and U ^ respectively. In U\ we have z = xu, y = uw and 

xy — zw = xy — xuw = x(y — uw) = , 

where u is the coordinate U/T, so the strict transform is given by y — uw = 0. 
Similarly, on the map U2 we get x = tz, w = ty and 

xy — zw = tyz — zw = zity — w) — , 

where t is the coordinate T/U, so the strict transform is given by ty — w = 0. 
On the intersection U\ fl U% we have t = -, y = uw, z = ux. The affine 
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coordinate ring of Ui f]U 2 is C[x,u,w, ^] = C[x,t,w, |]. The differentials 
J^, and ^ restricted to the intersection C/i fl £/ 2 can be computed as 



d 


1 d 




dy 


u dw 




d 


1 d 




dz 


u dx 




( 9 


d 

dw 


d 
du 



d_ 
dt 

To see this, apply J^, -j^ and | on i, w and u, and keep in mind that we 
have the relations x = tz, w = ty and tu — 1. 

We prove surjectivity of the map d : C°(V) — > C 1 (l / ) which sends (a, (3) G 
6(£/i) x 0(f/2) to (a — f3)\Ui fl £/ 2 - The elements which do not intersect the 
image of Q(Ui) x {0} under d are of the form 

f k (x,u,w) d sr^ g k (x,u,w) d ^ h k (x,u,w) d 



E j k yx,u,wj u y k yx,u,wj u 

ilk f)nr < ' uk f)in < J 



where f k , g k and h k have no term with degree higher than A; — 1 in the variable 
u. The differential d maps 

-t k ~ l — y — — 

dz u k dx ' 

and hence 

/ +\ d , fk(x,u,w) d 

Pk{y,z,t)— ^ r 7T- , 

dz u K dx 

where p k is given by p k (y, z, t) = —f k (tz, |, ty) t k ~ x . Similarly we have 

/ + \ d , 9k(x,u,w) d 
Qk{y,z,t)— I— >■ 



dy u k dw 

where q k is given by q k {y,z,t) = —g k (tz, \,ty) t k ~ x . For the last term, we 



have 



d d d\ h k (x, u, w) d 
r k {y,z,t) \yTr + ZTr-t—\ ^ 



dy dz dt J u k du 

where r k (y,z,i) = h k (tz, \,ty)t k+l . Hence d is surjective, and H 1 ^, By) = 
0. 

We construct an isomorphism Q v — > H°(V ', Q v ) as follows. Consider the 
map 



: By -> Der(O y , Vl ) © Der(O v , Ou 2 ) 
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given by D i— > ((p 1 D, <p 2 D), where <f>i and 2 are the inclusions of O v into 
Cc/j and Ou 1) respectively. On the generator set {x,y,z, w} they take the 
following values 

(f>i(x) = x, <f>i(y) = uw, <t>\(z) = ux, (f>i{w) = w 
<j) 2 (x) = tz, <j) 2 (y) = y, M z ) = z , M w ) = ty 
There is also a map 



Der(O c/l , Vl ) © Der(0 U2 ,0 U2 ) ->• Der(C y , Vl ) © Der(CV, Ua ) , 

which is given by (Di,D 2 ) h-> (-Di0i, D 2 (f) 2 ). The elements which come from 
6y can be lifted to ©? =1 Der((!? [ / i , Cf/J, and we get elements in H°(V,Q V ). 
To see this, note that a generator set for the sheaf <d v is 



_, d d d d 
ox ay az aw 
d__ d_ 

^ dy X dx 
d d 
ay az 
d_ d_ 
dy dw 
d_ d_ 

^ dz W dx 

— + z— 

^ dw dx 

d__ d_ 

dw dz 

They are mapped to the following in ©f =1 Der(CV, Ut ) 



' d d d d d d d <9 N 

x— + uw— + ux— + w—, tz— + y— + z— + ty— 
dx dy dz dw dx dy dz dw 



d d d d 
uw— - x—, y— - tz— 

dy dx dy dx 



d d d d 
w— + x—, ty— + tz— 

dz 



dy dz dy 
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d d d d 
ux— + x—, z— + tz— 
dy dw dy dw 

d d d d 
uw— + w—, y— + ty— 

dz ox dz ox 

d d d d 

UW TT~ + UX TT' y^T~ + Z TT 
ow ox ow ox 

d d d d 

w a UX 7T' Z 7T 

ow oz ow oz 

These 7 elements can be lifted to the following elements in ©f =1 Der(0 C / i , Cc/J- 

d d d d 

x 7T + w 7r^y7T + Z 7T 
ox ow oy oz 

d d d ^d 
U du X dx ' ^ dy dt 

(<L t ( — z—-t— 

\du' y dy Z dz dt 

d_ d_ 

dw ' dy 

d d 

dx^ dz 

d d d \ d 
dx dw du ) ' dt 

d d ^d d 
dw du dt dz 

We can construct an inverse map g : H°(V, Q v ) — > 0y by 

g(D 1 ,D 2 ) = 1(^ + ^202) . 

Since 7r*(6y) = R 7r*(G v ) = H°{V,Q V ) and R^Oy) H\V,Q V ), we 
get the desired result. □ 
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Chapter 3 



Stanley-Reisner Pfaffian 
Calabi-Yau 3-folds in P 6 



3.1 Triangulations of the 3-sphere with 7 ver- 
tices 

In this chapter we look at the triangulations of the 3-sphere with 7 vertices. 
Table I3TTI is copied from the article by Griinbaum and Sreedharan [TB], where 
all the combinatorial types of triangulations of the 3-sphere with 7 or 8 ver- 
tices are listed. For each such combinatorial type (from now on referred to as 
a triangulation) we compute the versal deformation space of the correspond- 
ing Stanley-Reisner scheme, and we check if the general fiber is smooth. In 
the smoothable cases, we compute the Hodge numbers of the general fiber. 
We also compute the automorphism group of the triangulation, and we com- 
pute the subfamily of the versal deformation space invariant under this group 
action. In the non-smoothable case, we construct a small resolution of the 
nodal singularity of the general fiber. 

Let M = [rriij] be a skew-symmetric d x d matrix (i.e., rriij = —rriji) with 
entries in a ring R. One can associate to M an element Pf(M) in R called 
the Pfaffian of M: When d = 2n is even, we define the Pfaffian of M by the 
closed formula 

1 n 

1 n! cres 2n »=1 

where Sm is the symmetric group on 2n elements, and sgn(a) is the signature 
of a. When d is odd, we define Pf(M) = 0. 

The Pfaffian of a skew-symmetric matrix has the property that the square 
of the pfaffian equals the determinant of the matrix, i.e. 



33 



34 



CHAPTER 3. S-R PFAFFIAN CALABI-YAU 3-FOLDS IN P 6 



Pf(M) 2 = det(M) . 

In this chapter the ring R will be the polynomial ring C[x\, . . . ,Xy], and we 
will study ideals generated by such Pfaffians. In this case, the sign of the 
Pfaffian can be chosen arbitrarily, so it suffices to compute the Pfaffian as 
one of the square roots of the determinant. 

For a sequence ii, . . . , i m , 1 < ij < d, the matrix obtained from M by 
omitting rows and columns with indices i\, . . . ,i m is again skew-symmetric; 
we write Pf il '- , * m (M) for its Pfaffian. The elements Pf il >-' im (M) are called 
Pfaffians of order d — m. The Pfaffians of order d — 1 of a (f x d matrix M 
are called the principal Pfaffians of M. 

3.2 Computing the versal family 

The Stanley- Reisner rings obtained from the triangulations in Table 13.11 are 
Gorenstein of codimension 3 (in fact, the Stanley- Reisner ring corresponding 
to any triangulation of a sphere is Gorenstein, see Corollary 5.2, Chapter II, 
in the book by Stanley [27]). Buchsbaum and Eisenbud proved in Theorem 
2.1 (and its proof) in their article [9J that Gorenstein codimension 3 ideals are 
generated by the principal Pfaffians of their skew-symmetric syzygy matrix. 

The Stanley- Reisner ideals obtained from the triangulations in Table 13.11 
are generated by d = 3, 5 or 7 monomials. In each case, the following resolu- 
tion can be computed. 

Lemma 3.2.1. For the Stanley-Reisner ideals Iq obtained from the trian- 
gulations in Table \3.1\ there is a free resolution of the Stanley-Reisner ring 
A — R/Iq 

^R^-+R d ^+R d J^R ^A ^0 , 

where f is a vector with entries the generators of Iq, M is an skew-symmetric 
d x d syzygy matrix and Iq is generated by the principal pfaffians of M . 

In the sections 3.4 - 3.8 we compute the degree zero part of the C-vector 
space T\ as described in Section [QT3l This gives us a new perturbed ideal I\, 
with k parameters, one for each choice of a and b that contribute to T\ of 
degree zero. We get a perturbed vector f 1 with entries the generators of Ii, 
and we get a new matrix M 1 by perturbing the entries of the matrix M in such 
a way that skew-symmetry is preserved, keeping the entries homogeneous in 
Xx, . . . ,xj such that M 1 • f 1 = mod t 2 , where t is the ideal (ti, This 
gives the first order embedded (in P 6 ) deformations. 



COMPUTING THE VERSAL FAMILY 



Polytope 


Number of facets 


List of facets 


Pi 


11 


A: 


1256 


H: 


1367 






B: 


1245 


J: 


2367 






C: 


1234 


K: 


2345 






D: 


1237 


L: 


2356 






E: 


1345 










F: 


1356 










G: 


1267 






Pi 


12 


A: 


1245 


H: 


2356 






B: 


1246 


J: 


2347 






C: 


1256 


K: 


2367 






D: 


1345 


L: 


2467 






E: 


1346 


M: 


3467 






F: 


1356 










G: 


2345 






P" 


12 


A: 


1246 


H: 


1347 






B: 


1256 


J: 


2346 






C: 


1257 


K: 


2356 






D: 


1247 


L: 


2357 






E: 


1346 


M: 


2347 






F: 


1356 










G: 


1357 






P 7 


13 


A: 


2467 


H: 


1456 






B: 


2367 


J: 


1247 






C: 


1367 


K: 


1237 






D: 


1467 


L: 


1345 






E: 


2456 


M: 


2345 






F: 


2356 


N: 


1234 






G: 


1356 






Pi 


14 


A: 


1234 


H: 


1567 






B: 


1237 


J: 


2345 






C: 


1267 


K: 


2356 






D: 


1256 


L: 


2367 






E: 


1245 


M: 


3467 






F: 


1347 


N: 


3456 






G: 


1457 


0: 


4567 



Table 3.1: Polytopes Pj, i = 1, . . . , 5 
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It has not yet been possible for computers to deal with free resolutions 
over rings with many parameters. Finding the matrix M 1 can however be 
done manually, by considering the parameters one by one, perturbing the 
entries of the matrix M keeping skew-symmetry preserved. The principal 
pfaffians of the matrix M 1 give the versal family up to all orders. This 
follows from Theorem 9.6 in the book by Hartshorne [TJJ]. Versality follows 
from the fact that the Kodaira-Spencer map is surjective, see Proposition 
2.5.8 in the book by Sernesi |25| . 

We have computed this family explicitly for these five triangulations from 
Table EU 

3.3 Properties of the general fiber 

We will now compute the degrees of the varieties obtained from the triangu- 
lations in Table 13.11 

Lemma 3.3.1. The number of maximal facets of a triangulation equals the 
degree of the associated variety. 

Proof. Let d be the dimension d = dimR/I. The Hilbert series is 

V^d-l fjt i+1 _ 1 sr^d-l _ ,\d-i-l f m+1 
Z-fi=-l (l_t)*+l ~~ (l-i) d ^-Ji=-1\ 1 L ) Ji l 

where f\ is the number of facets of dimension i and /_i = 1, see the book by 
Stanley [27J. The maximal facets have dimension d — 1. Inserting t — 1 in 
the numerator yields the degree fd-i- D 

The triangulations in Table I3TT1 give rise to varieties of degree 11, 12, 13 
and 14. The degree is invariant under deformation, so in the smoothable 
cases we can construct Calabi-Yau 3-folds of degree 12, 13 and 14. The 
following theorem will be proved in Sections 3.4 - 3.8. 

Theorem 3.3.2. Some invariants of the general fiber of the versal deforma- 
tion space of the Stanley-Reisner rings of the triangulations in Table Iff. II are 
given in Table lcTB . 

Note that the dimension of the versal base space equals h l,2 + 6 in the four 
smoothable cases. Theorem 5.2 in [3] states that there is an exact sequence 

-> C 6 H°(G Xt ) -> H\K, C) 

Since the last term is zero, we have dimH°(Qx) = 6. One would expect that 
T x = h^iQxt) + h°(Qx ), where X t is a general fiber and X is the central 
fiber of the versal deformation space. 
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Polytope 


Degree 


General fiber 
in the versal 
deformation space 


Hodge 
numbers 


Dimension 
of the versal 
base space 


PI 


11 


Isolated nodal 
singularity with 
small resolution 


non- 
smoothable 


92 


Pi 


12 


Complete intersection 
type (2,2,3) 


h 1 ' 1 = 1 
h 1 ' 2 = 73 


79 


P 7 


12 


Complete intersection 
type (2,2,3) 


h 1 ' 1 = 1 
h 1 ' 2 = 73 


79 


Pi 


13 


Pfafhans of 5 x 5 
matrix with general 
quadratic terms in 

first row/column 
and general linear 

terms otherwise 


h 1 ' 1 = 1 
h 1 ' 2 = 61 


67 


Pi 


14 


Pfaffians of 7 x 7 
matrix with general 
linear terms 


h 1 ' 1 = 1 
h 1 ' 2 = 50 


56 



Table 3.2: Polytopes Pj, i = 1, . . . , 5, and their deformations 
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After we have resolved the singularity in the non-smoothable case, we get 
a Calabi-Yau manifold with h 1,2 (X) = 86, and since 86 + 6 = 92, this fits 
nicely also in the non-smoothable case. 



3.4 The triangulation P[ 

In this section we consider P/, the first triangulation of S> 3 from Table 13.11 
The Stanley-Reisner ideal of this triangulation is 

Iq = (X5X7, X4X7, X/^Xq, X1X2X3XQ, X1X2X3X5) 

in the polynomial ring R = C[x\, . . . ,£7]. Let A = R/Iq be the Stanley- 
Reisner ring of I . In the minimal free resolution in Lemma T3.2.H the vector 
/ and the matrix M are given by 



./ 



x 5 x 7 

X^Xq 
£1X2X3X6 
X1X2X3X5 



and 









-XiX 2 ^3 


X4 














-x 5 


x 6 


X1X2X3 











— X7 


— X4 


£5 














-x 6 


;r 7 









M 



Using the results of section 10. 'S\ we compute the module T^, i.e. the 
first order embedded deformations, of the Stanley-Reisner scheme X of the 
complex K := Pj by considering the links of the faces of the complex. Various 
combinations of a, b G {1, . . . , 7}, with b C [link(a, K)] a subset of the vertex 
set and a a face of K, contribute to T\. 

The geometric realization |link(l, K) \ of the link of the vertex {1} in K is 
the boundary of a cyclic polytope, and is illustrated in figure 13.11 The links 
of the vertices {2} and {3} are similar. 

Two vertices, {4} and {7}, give rise to a tetraedron (see figure |3~2]) . and 
two vertices, {5} and {6}, give rise to a suspension of a triangle (see fig- 
ure 13. 3p . We also consider links of one dimensional faces. In 9 cases, the 
geometric realization is a triangle. The case of {1,4} G K is illustrated in 
figure [331 In 6 cases, the link is a quadrangle. The case of {1,5} G K is 
illustrated in figure 13.51 



THE TRIANG ULATION P/ 




Figure 3.2: The link of the vertex {4} in 
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4 




3 



6 



Figure 3.3: The link of the vertex {5} in P 7 X 

In Proposition 10.3.21 the contributions to T\ of these different links are 
listed. In the case with a = 1, we get a contribution to T\ if and only if 
b = {2,3}. As in section I0~3"| this gives a homogeneous perturbation the 
monomial X1X2X3X6 to 

XiX 2 X 3 Xq + tiXiX 2 X 3 X 6 — = XiX 2 X 3 Xq + tixfxe , 

x b 

and a homogeneous perturbation of the monomial £1X2X3X5 to 

XiX 2 X 3 X 5 + £1X1X2X3X5 = X1X2X3X5 + £1X1X5 , 

x b 

with a = (2, 0, 0, 0, 0, 0, 0) and hence x a = x\, and Xb = x 2 x 3 . The other three 
monomials of the Stanley- Reisner ideal are unchanged. The cases a = {2} 
and a = {3} give rise to similar perturbations, with parameters t 2 and t 3 , 
respectively. In the case a = {4}, the tetrahedron gives rise to 11 dimensions 
of T 1 , one for each 6 C {1, 2, 3, 5} with \b\ > 2. The case a = {7} is similar. 
In each of the two cases a = {5} and a = {6}, the suspension of a triangle 
gives 5 different choices of b contributing non-trivially to T 1 . In addition, the 
9 triangles give rise to 9 x 4 permutations, and the 6 quadrangles give rise 
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Figure 3.4: The link of the edge {1,4} in Pj 



Figure 3.5: The link of the edge {1,5} in Py 



to 6 x 2 perturbations. Note that each triangle gives rise to 5 perturbations 
and not 4 as stated in the table 10.3.21 To see this, note that since T 1 is Z n 
graded, e.g. the case with a = {1,4} and b = {2,3,5} gives two different 
choices of the vector a in order for the deformation to be embedded in P 6 ; 
a = (2, 0, 0, 1, 0, 0, 0) or a = (1, 0, 0, 2, 0, 0, 0) both have support a = {1, 4}. 
Putting all this together, the dimension of T\ is 



3x1 + 2x11 + 2x5 + 9x5 + 6x2 = 92. 



This gives 92 parameters ti, . . . ,£92, and the first order deformed ideal I 1 . 
The relations between the generators of Iq can be lifted to relations between 
the generators of J 1 , and the matrix M lifts to the matrix 
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9i 


92 


k 


k 


-9i 





93 


h 


k 


~92 


-93 





h 


k 


-h 


-h 


-h 








-k 


-k 


-k 









where gi, g 2 and #3 are cubics and k, . . . , Iq are linear forms in the variables 
Xi, . . . , x-j. This matrix is computed explicitly, and is given in the appendix 
on page [7HJ The principal pfaffians of M 1 give the versal deformation up to 
all orders. 

After a coordinate change we can describe a general fiber X by 



rk 


Xi 


X3 


x 5 


< 1 and 


Xi 


X3 


x 5 




x 2 


X,{ 


Xq 




x 2 


X,{ 


x 6 



93 
92 

9i 



The first group of equations define the projective cone over the Segre embed- 
ding of P 1 x P 2 in P 5 . Call this variety Y. There is one singular point on X t , 
the vertex of the cone Y; P — (0 : • • • : : 1). The singularity is a node. In 
fact it is locally isomorphic to £1X4 — X2X3 = in C 4 . Since X t is the general 
fiber in a smooth versal deformation space, Xo cannot be smoothed. 

Using the techniques of Section 10. 5[ the intersection of X with the equa- 
tions X3 = X4 = gives a smooth surface 5* containing the point P. A crepant 
resolution tt: X — > X exists since the only singularity of A is a node, and 
the plane S passing through the node. Let X be the manifold obtained by 
blowing up along S. 

The Macaulay 2 computation on page[77]gives dimT^ = 86, and we can 
compute the evaluation map T\ — > Tq , which is 0, we have dimif 1 (G^) = 
86 by Theorem 12.0.11 



3.5 The triangulation P 2 

In this section we consider P 2 7 , the second triangulation of § 3 in Table 13.11 
It has Stanley-Reisner ideal 

I = (X 5 X 7 , XiX 7 , X 4 X 5 X 6 , 21X2X3, X 2 X3X 4 Xq) 

and the matrix M in the free resolution is 
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— x^xq 


Xi 













-x 5 










x 7 










-x 7 








—X\ 


x 5 












M 



As in the previous section, we compute the module T\ % i.e. the first order 
embedded deformations, of the Stanley-Reisner scheme X of the complex 
K := P 2 7 by considering the links of the faces of the complex. Various 
combinations of a, b G {1, . . . , 7}, with b C [link(a, K)] a subset of the vertex 
set and a a face of K, contribute to T\. 

The geometric realization |link(z,i^)| of the link lmk(i,K) of the vertex 
{i} is the boundary of a cyclic polytope for i = 2, 3, 4 and 6. For % = 1 and 
5, the geometric realization |link(i, iT)| is the suspension of a triangle, and 
for i = 7, \\ink(i, K)\ is a tetrahedron. 

The links of the edges give rise to 8 triangles, 7 quadrangles and 4 pen- 
tagons. Hence, the dimension of T\ is 4x1 + 2x5 + 1x11 + 8x5 + 7x2 = 79. 

We compute the first order ideal I t perturbed by 79 parameters. The 
matrix M lifts to the matrix 



M 1 



where g is a cubic and qi, . . . , are quadrics in the variables X\, ... ,Xj. The 
exact expressions for these quadrics are given in the appendix on page |80j 
The versal deformation space up to all orders is given by the principal pfaf- 
fians of the matrix above. Let X be a general fiber of this family. 

Lemma 3.5.1. The variety X is a complete intersection. 

Proof. The lower right corner of the matrix M 1 is 






-9 


Qi 


-<?2 


X\ 


9 





Q3 




-x 5 


-Qi 







X7 


^38 


12 


94 


— x 7 





~ ^33 


-Xi 


£5 


—t38 


^33 






w 



k 
-k 



where k is a constant. The matrix M 1 can be written on the form 



u 


V' 




'I 


vw~ r 




~u + vw- x v T 


" 




I 


0" 


_-V T 


w 







I 







w 




jyw~ l ) T 
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Now, the ideal of principal pfaffians can be computed as the principal 
pfaffians of the matrix at the right center above, hence two of the generators 
are now zero. The remaining three pfaffians are the elements of the 3x3 
matrix U 1 = U + VW~ 1 V T multiplied by a constant. Hence, the variety is a 
complete intersection in P 6 . □ 

The five principal pfaffians can be reduced to three, two quadrics and a 
cubic. The smoothness of a general fiber can be checked for a good choice of 
the ti using a computer algebra package like Macaulay 2 (T3] or Singular [14J. 
We will compute the cohomology of the smooth fiber, following the exposition 
in R0dland's thesis [21]. The following lemma will be useful. 

Lemma 3.5.2. There is an exact sequence 

*0 V 6(-7)—^20 r e(-5) © P 6(-4)-^ 

2C p6 (-2) © P 6(-3)^~0 P 6 ^O x ^0 

where X is the general fiber and v is the column vector with entries the three 
principal pfaffians of U' . 

Since X is Calabi-Yau (see Theorem l(J.2.ip . we know that h l,0 (X) = 
h 2,0 (X) = 0. We now proceed to find the remaining Hodge numbers of X. 
Let J := ker(i^ : Opa — > i*Ox) denote the ideal sheaf. 

Lemma 3.5.3. There is a free resolution 

o — ^gJ^n^ic^ji — -o 

where the sheaves Q , H and K are given by 

g = p6 (-9) ©2C p6 (-10) 

H = 2C p6 (-6) © 4£> p6 (-7) © 2C p6 (-8) 

K = 3C p6 (-4) © 2C p6 (-5) © C p6 (-6) 

The elements of Q , H and K. are regarded as 5 x ^-matrices that are skew- 
symmetric matrices, general matrices modulo the identity matrix (or with 
zero trace), and symmetric matrices respectively. The three maps are 

U'-:A*-> U'A -1/3- traceOJ'A) , 
$ : B M- BU' + (U') T B T , 

and 

V ^:C^ v T Cv . 

If viewed modulo the identity, the last term of the map U' may be dropped. 



3.5. THE TRIANGULATION P 2 7 



45 



Proof. All the compositions are clearly zero, hence it remains to prove that 
the kernels are contained in the images. The last map, v® 2 , is surjective, 
because J x is generated by the elements of v T v , i.e. the elements my = ViVj 
for i < j. 

The relations on the m^- are no other than = mji and rriijVk = rrijkVi, 
hence the sequence is exact at JC. Next, consider the map $ : H — > /C. We 
have 

= PC/' + (U') T B T = BU' - U'B T 

and hence 

$(P) = 
BU' = U'B T 
U'B T v = . 
For some b we have (by Lemma I3.5.2j) 

B T v = bv 

(B T - Ib)v = , 
and for some matrix W we have (by Lemma 13.5.21 again) 

B T — lb = WW 

B = -WW T + bl . 

Since B = —U'W T + bl equals —WW T modulo /, we have proved that the 
sequence is exact at %. 

Consider the map W • : Q — > H. The image of a skew-symmetric matrix 
A is zero if and only if U'A = bl. However, skew-symmetry yields rank less 
than 3. So for A to map to zero, we must have U'A = 0. However, using the 
exact sequence of Lemma 13. 5. 2} we have that U'A = A = vw T for some 
vector w. However, A = —A T = —wv T , so U'A = =>- U'w = =>• w = 
gv =>■ A = gvv t . However, for A = gvv T to be skew-symmetric, g must be 
zero, making A = 0. Hence, the map is injective. □ 

Proposition 3.5.4. The Hodge numbers are 

h ltX (X) = 1 and h 1>2 (X) = 73 , 
where h 1 ' 1 ^) := dimH l (VL x ) and h}' 2 (X) := dimH 2 (VL x ). 
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Proof. First, we know that H*{0 P a{—r)) = for < r < 7. Second, if we 
have a resolution — > A n — > ■ ■ ■ — > Aq — > I where H*(Ai) = for i < n, 
then H P (I) = H p+n (A n ), and third, /i 6 (O p6 (-r - 7)) = h°(O w6 (r)) = ( r + 6 ). 

Using these facts on the resolution of Ox{— 1) (twist the entire sequence 
of Lemma EXlby -1) we get h p (O x (-l)) = h p+3 (0 P 6(-8)) which is 7 for 
p = 3, otherwise zero. Using these results and the cohomology of Ox on the 
long exact sequence of 

-fi p6 |X -7C X (-1) ^O x -0 

we find that /i (fi p6 |X) = h 2 (tt p6 \X) = 0, /^(fipopO = h°(O x ) = 1, and 
h 3 (n p6 \X) = h 3 (70 x (-l)) - h 3 (O x ) = 48. 

For the ideal sheaf Jx, the above results and the resolution 13.5.21 give 
h p (^Tx) — h p+2 (Ope (— 7)) which is 1 for p = 4, otherwise zero. For J x , the 
resolution splits into two short exact sequences 

>Q-^U -Im($) -0 

and 

.l m ($) ^K.^J X -0 

From the second, we get h p (J x ) = /i p+1 (Im($)). From the first, the only 
non-zero part of the long exact sequence is 



^# 5 (Im($)) ^H 6 (G) ^H 6 (H) ^# 6 (Im($)) ^0 

This makes h\J x ) - h\J x ) = /i 5 (Im($)) - /i 6 (Im($)) = h\Q) - h\U) = 
2/i 6 (O P 6(-9))+/i 6 (O P 6(-10))-2/i 6 (O P 6(-6))-4/i 6 (O P 6(-7))-2/i 6 (C' P 6(-8)) = 
2-28 + 84-2-0-4-l-2-7 = 122. Since the variety is smooth, we have a 
short exact sequence 

— — *j x — *N X -0 

and another sequence 

^Af x ^fi P 6 \X ^Q x ^0 

Note that N x is a sheaf on X, hence h p (N x ) = for p > 3 = dimX. Entering 
this into the long exact sequences of the first of the two resolutions above, 
we get h 5 (J x ) = as both h A {NJ) = and h 5 (J x ) = 0. Hence we have 
h\J x ) = 122. In addition, we get h 2 (N^) = and h s (Af%) = 121. The 
long exact sequence of the second resolution above yields ft. 1 (fix) = 1 and 
h 2 (tt x ) = 121 - 48 = 73. □ 
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Using Singular |14j (or any other programming language) we can compute 
the group of automorphisms of the simplicial complexes. It is a subgroup of 
S7 and is computed by checking which permutations preserve the maximal 
facets. The automorphism group Aut(P 2 7 ) — D4 of the complex P 2 7 is the 
dihedral group on 8 elements, i.e. Z * Z modulo the relations a 2 = b 2 = 1, 
(ab) A = 1. It is generated by the elements 

_ (1 2 3 4 5 6 7\ 

a ~\ v 1 236547 y ) 

and 

A 23456 7\ 

^ 4 6 2 1 3 7j' 

This group action on the versal family has 22 orbits. Hence, we have an 
invariant family with 22 parameters, si, . . . , S22- 



3.6 The triangulation P 3 

In this section we consider the third example, P 3 7 , from Table 13.11 It has 
Stanley-Reisner ideal 



Iq — (xqXy, X4X5, X1X2X3) 



and the syzygy matrix is 



M 



— X1X2X3 X4X5 

X1X2X3 — XqX7 

—X4X5 XqX-j 



As in sections 13.41 and 13. 5[ we compute the module T^, i.e. the first order 
embedded deformations, of the Stanley-Reisner scheme X of the complex 
K := P 3 7 by considering the links of the faces of the complex. Various 
combinations of a, b G {1, . . . , 7}, with b C [link(a, K)\ a subset of the vertex 
set and a a face of K, contribute to T\. 

The geometric realization |link(l, if) | of the link of the vertex {1} in K 
is an octahedron, and is illustrated in figure 13.61 The links of the vertices 
{2} and {3} are similar. 

The links of the vertices {4}, {5}, {6} and {7} are the suspension of a 
triangle. In addition, the links of the edges give rise to 15 quadrangles and 
4 triangles. Putting all this together, the dimension of is 3x3 + 4x5 + 
15 x 2 + 4 x 5 = 79. 

The perturbed ideal is generated by the elements of the vector 
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Figure 3.6: The link of the vertex {1} in P 3 7 



f 1 



where the exact expressions for g, q\ and qi are given in the appendix on 
page [80j The syzygy matrix lifts to 








-9 


9i 


M 1 = 


9 





-92 




-Qi 


<h 






Thus the ideal generated by f 1 gives the versal family up to all orders. The 
general fiber X is given by g = 0, q\ = and q<i = 0, the intersection of 2 
quadrics and a cubic in P 6 , a complete intersection. The smoothness can be 
checked for a good choice of the ti using Singular [14J. The following lemma 
will be useful. 



Lemma 3.6.1. The sequence 



^(9 P 6(-7)— ^2C p6 (-5) © Ppe(-4) 
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-^2C p6 (-2) © C P 6(-3)-^C P 6 ^O x ^0 

is exact, where F and R 1 are given above, and values for the ti 's are chosen. 

Since X is Calabi-Yau, we know that h lfi (X) = h 2 >°(X) = 0. The fol- 
lowing Proposition can be proved in a similar manner as Proposition 13.5.41 in 
the previous section. 

Proposition 3.6.2. The Hodge numbers are 

h}> l {X) = 1 and h}' 2 (X) = 73 , 
where h}> x (X) := dimH x {Sl x ) and h x ' 2 (X) := dimH 2 (VL x ). 

Using Singular |14j (or any other programming language) we can compute 
the group of automorphisms of the simplicial complexes. It is a subgroup of 
Sr and is computed by checking which permutations preserve the maximal 
facets. The automorphism group Aut(P 3 7 ) of the complex P 3 7 is D 4 x D 3 , 
where is the dihedral group on 8 elements, i.e. Z*Z modulo the relations 
a 2 = b 2 = 1, (ab) 4 = 1. The group D3 is the dihedral group on 6 elements, 
i.e. Z * Z modulo the relations c 3 = 1, d 2 = 1 and cdc = d. The group 
Aut(P 3 7 ) is generated by the permutations 

2 3 4 5 6 7\ 
2 3 5 4 6 7J 

2 3 4 5 6 7\ 
2 3 6 7 4 5J 

2 3 4 5 6 7\ 

3 1 4 5 6 7/ 

2 3 4 5 6 7\ 
2 1 4 5 6 7] 

and it has order 48. If we consider the subfamily invariant under this group 
action, the original 79 parameters reduce to 10. 

3.7 The triangulation Pj 

In this section we consider Pj, the fourth triangulation of S> 3 from Table I3~T1 
The Stanley-Reisner ideal of this triangulation is 

J = (X5X7, X1X2X5, XiX 2 X 6 , X 3 X 4 X 6 , X3X4X7) . 
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in the polynomial ring R = C[x 1 , . . . , x-j]. Let A = R/Iq be the Stanley- 
Reisner ring of Jq. The minimal free resolution the Stanley- Reisner ring is 



^R^R^^L 



-R- 



-0 , 



where / and M are given by 



./ 



x±x 2 x 5 
X1X2XQ 
X3X4X6 

X^X^X-j 









X 3 X 4 


-xix 2 














x 7 


-x 6 


-X3X4 











x 5 


X\X 2 


-X-j 














x 6 


-X5 









M 



Computing as in the previous sections, we find the module T\, i-e. the em- 
bedded versal deformations, of the Stanley- Reisner scheme X of the complex 
K := Pj by considering the links of the faces of the complex. Various com- 
binations of a, b G {1, . . . , 7}, with b C [link(a, K)\ a subset of the vertex set 
and a a face of K, contribute to T\. 

The geometric realization |link(i,i^)| of the link of the vertex {i} in K 
for % = 1,2,3 and 4 is the boundary of the cyclic polytope. For % — 5 
and 7, the link is the suspension of the triangle, and for % — 6, the link 
is a octahedron. In addition, the links of edges give rise to 4 pentagons, 8 
quadrangles and 4 triangles. Putting all this together, the dimension of T\ 
is 4x1 + 2x5 + 1x3 + 6x5 + 10 x2 = 67. A general fiber X will be given 
by the principal pfaffians of the matrix 





qi q 2 


Q3 


Q4 




-9i h 


h 


h 


M 1 = 


-q 2 -h 


k 


h 




-93 -k -U 





k 




_—Qa ~h ~h 


-k 





general quadrics and li, 




j ^6 



are linear terms. The 
exact expressions for the polynomials in this matrix is given in the appendix. 
The smoothness of the general fiber can be checked using computer algebra 
software. 
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Lemma 3.7.1. The following sequence 

^C P 6(-7)— ^C P 6(-5) ©4C P 6(-4) 

-^0 p6 (-2) ©4C P 6(-3)-^C P 6 *O x -0 

is exact, where F is the vector with entries the pfaffians of the matrix M 1 
mod t 2 . 

Since X is Calabi-Yau, we know that h}' (X) = h 2fi (X) = 0. The follow- 
ing Proposition can be proved in a similar manner as Proposition 13.5.41 

Proposition 3.7.2. The Hodge numbers are 

h}> l {X) = 1 and h^ 2 {X) = 61 , 

where h}> x (X) := dimH x {Vt x ) and h x ' 2 (X) := dimH 2 (VL x ). 

The group Aut(Pj) of automorphisms of the complex Pj is P4, the dihe- 
dral group of 8 elements. It is generated by the permutations 

(\ 2 3 4 5 6 7\ 

fl "\2 1 3 4 5 6 7j 

and 

A 2 3 4 5 6 A 

^3 4 1 2 7 6 5j' 

This group action on the versal family has 20 orbits. Hence, we have an 
invariant family with 20 parameters, Si, . . . , S2o- 

3.8 The triangulation P 5 7 

In this section we consider the fifth example, P 5 7 , from Table 13.11 It has 
Stanley-Reisner ideal 

I = (£1X3X5, Xix 3 x 6 , X1X4X6, X2X4X6, £2X4X7, X2X5X7, £3X5X7) , 
and the Syzygy matrix is 












£7 


-£ 6 






















— X4 




















x 3 


-x 2 


— x 7 

















Xi 


x 6 


-x 5 




















£4 


-X3 




















£2 


-Xl 
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Computing as in the previous sections, we find the module Ty, i.e. the 
first order embedded deformations, of the Stanley- Reisner scheme X of the 
complex K := P 5 7 by considering the links of the faces of the complex. Various 
combinations of a, h G {1, . . . , 7}, with b C [link(a, K)] a subset of the vertex 
set and a a face of K, contribute to T^. 

The geometric realization |link(i, K) \ of the link link(i, K) of a vertex {i} 
is the boundary of a cyclic polytope for i — 1, . . . , 7. We also consider links of 
one dimensional faces. In 7 cases the geometric realization is a triangle, and 
in 7 cases the link is a quadrangle. Putting all this together, the dimension of 
T\ is 7x1 + 7x5 + 7x2 = 56. The full family is displayed in the appendix. 

The matrix M lifts to the matrix 






h 


k 


x 7 


-Xq 


~k 


-k 


-h 





k 


k 


x 5 


—Xi 




-k 


-h 





k 


k 


^3 


-x 2 


—x 7 


-h 


-k 





ho 


hi 


Xl 


x 6 


-x 5 


-k 


— ^10 





hi 


hz 


k 


Xi 


-x 3 


-In 


~ll2 





hi 


h 


h 


Xl 


—X\ 


-k 3 


— Z14 






where h,...,lu are linear forms, whose exact expressions are given in the 
appendix on page [8TJ The general fiber X is a degree 14 Calabi-Yau 3-fold. 
The following Proposition can be proved in a similar manner as Proposition 
£331 

Proposition 3.8.1. The Hodge numbers are 

h x ^{X) = 1 andh^ 2 {X) = 50 , 
where h^ l (X) := dimH^ttx) and h}> 2 (X) = dimH 2 (VL x ). 

The automorphism group of the complex P-, is Aut(P 5 7 ) = D 7 . It is 
generated by the permutations 

_ (I 2 3 4 5 6 7\ 
fl "^2 3 4 5 6 7 lj 

A 23456 7\ 
~ V7 65432 l) 

with relations a 7 = 1, b 2 = 1, aba = b. A calculation gives a 5 parameter 
invariant deformations under the action of this group. We will consider a 
one-parameter subfamily of this invariant family in Section 14.11 



Chapter 4 

The R0dland and Bohm Mirrors 



In this chapter we will describe how to obtain the R0dland and Bohm mir- 
rors from the triangulations we studied in the previous chapter. The R0dland 
mirror is obtained from the complex P 5 7 , and the Bohm mirror is obtained 
from the complex Pj. They are given by a crepant resolution of a chosen 
one-parameter subfamily of the invariant family under the action of the au- 
tomorphism group of Pj . 

4.1 The R0dland Mirror Construction 

Consider the case of P 5 which we studied in Section 13.81 an d let X be the 
Stanley- Reisner scheme associated to this complex, studied in Section I37H1 As 
seen in the previous chapter, the automorphism group of the complex is Dj. 
Recall from the introductory chapter that the automorphism group induces 
an action on T^ Q , and that the parameters of the versal family correspond 
to faces and links contributing to Tjr Q . The D 7 orbits of these are given in 
table O 

All the links of vertices are cyclic polytopes, and all these 7 cyclic poly- 



a 


b 


Link 


# in Dy-orbit 


{1} 


{2,7} 


cyclic polytope 


7 


{1,3} 


{2,4,7} 


triangle 


14 


{1,3} 


{2,7} 


triangle 


14 


{1,3} 


{4,7} 


triangle 


7 


{3,5} 


{2,4} 


quadrangle 


14 



Table 4.1: T^ is 56 dimensional for the Stanley- Reisner scheme Xq of P 5 7 
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topes are one orbit under the action of this automorphism group. In addition, 
we have 7 cases where the link of an edge is a triangle, and we have 7 cases 
where it is a quadrangle. 

The invariant parameters sx, . . . ,85 are achieved by equating the parame- 
ters ti corresponding to the same orbit under the action of the automorphism 
group on Tx • Consider one of the invariant parameters corresponding to the 
links of edges being triangles, s := t 2 4 = ^25 = ^29 = £33 = £35 = ^38 = ^40 , the 
one with 7 elements in the orbit, and set the other ones to 0. In this case, 
the matrix M 1 will reduce to 












x 7 


-Xq 





— 8X4 








SXj 





X 5 


— x 4 








— SXj 





sx 5 





x 3 




-x 7 





-sx 5 





sx 3 





Xx 


x 6 


-£5 





-sx 3 





SXi 










-x 3 





— SXi 





SXq 


SX4 





%2 


-Xi 





~sx 6 






Let X s be the variety generated by the principal pfaffians of this matrix. It 
is defined by the ideal generated by the polynomials 

Pl = — £1X3X5 + S 2 X e X 5 2 + S 2 X\ 2 X-j — 8X2X3X4 + S 3 X 3 XqXj 
p 2 = — X\XqX 3 — SXiX 2 X 7 + S 2 X 3 2 X 4: + S 2 Xq 2 X 5 + S 3 XiX 5 X 4: 
p 3 = —XiXqX^ + S 2 X 3 X 2 — SXqX 5 Xj 
p 4 = S 3 XiX 4: X 7 — X 2 X 4 X 6 — + S 2 X 7 Xq 2 

p 5 = —X2X4XY + x 4 2 s 2 x 5 + s 2 x G x 7 2 
P6 = X^ 2 S 2 X4 — X7X2X5 — XjSX\Xq + 8^X3X4X7 
Pl = x 7 2 S 2 Xi — £3X5X7 — SX4X5XG 

This variety has 56 nodes. Choosing the nonzero parameter as one of the 
other two parameters corresponding to triangles, gives a smooth general fiber, 
or a general fiber with singular locus of dimension and degree 189, after a 
Macaulay 2 computation [13]. 

There is also a natural action of the torus (C*) 7 on X Q C P 6 as follows. 
An element A = (Ai,...,A7) G (C*) 7 sends a point (xi, . . . ,x 7 ) of P 6 to 
(\x%x, ■ ■ ■ i A7X7). The subgroup {(A, . . . , A)|A G C*} acts as the identity on 
P 6 , so we have an action of the quotient torus Tq := (C*) 7 /C*. In order 
to compute the subgroup H C T n of the quotient torus which acts on this 
chosen subfamily, consider the diagonal scalar matrix 
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Ai 























A 2 























A, 























A 4 























A 5 























A 6 























At 



which acts on (xi, . . . , x 7 ) by 

A • (xi, . . . , x 7 ) = (Ai • xi, . . . , A 7 • x 7 ) . 

The subgroup acting on X s is generated by the A with the property that 
A • Pi = CiPi for i = 1, ... 7, and q a constant. From Api = c\ • pi, we obtain 
the equations 

A1A3A5 = A5A6 = A^A7 = A2A3A4 = A3A6A7 . 
For convenience, we set Ai = 1, and we get the equations 

A3A5 = A5A6 = A7 = A2A3A4 = A3A6A7 . (4-1) 
Hence we have the following expression for A5, Xq and A7. 

A 5 = A2A4 (4.2) 

A 6 = i (4.3) 
^3 

A 7 = A2A3A4 (4.4) 
From Xp2 = C2 ■ P2, we obtain the equations 

A3A6 = A2A7 = A3A4 = AsAg = A4A5 (4-5) 
Inserting (JO}, (JOD and (JOJ) into (H~5j) gives 

1 = A 2 2 A 3 A 4 = A^A 4 = ^ = A2A4 (4.6) 

A3 

hence A 3 = \\ and A 4 = A^ 4 . From (fl~2"j) . (T4T31) and (TO]) we now obtain 
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Inserting the expressions for A3, . . . , A7 into the equation 14. 1[ we find that 
A 2 7 = 1. 

We conclude that the subgroup H acting on X s is H = Z/7Z, which acts 
as Xi 1 — y t; l ~ 1 Xi, where £ is a primitive 7th root of 1. This subfamily with the 
action of H is used in R0dland's thesis [21] in order to construct a mirror of 
the general fiber of the full versal family. This is done by orbifolding. The 
variety X s has 56 nodes. These are the only singularities. A small resolution 
of Y := X s /H is constructed, and this is the mirror manifold of the general 
fiber. 



4.2 The Bohm Mirror Construction 

Consider the versal family we studied in Section 13. 7\ where the special fiber 
X is the Stanley-Reisner scheme of the simplicial complex labeled Pj in 
Table l3TT~l Proposition 13.7.21 states that the Hodge numbers are h ' x (X) = 1 
and h 1,2 (X) = 61 for the smooth general fiber X, hence we have xPO = 
2(h 1 > 1 (X) - h l ' 2 {X)) = 2(1 - 61) = -120. In Chapter [5] we verify that the 
Euler Characteristic of the Bohm mirror candidate is 120 as expected. 

The automorphism group of the complex is isomorphic to _D 4 . On the 
versal family of deformations, there are 20 orbits under the action of this 
group. The orbits are listed in table I4.2[ and the number of parameters 
in each orbit is listed. The invariant family is obtained by equating the 
parameters contained in the same orbit. 

Consider the three parameter family where S4 is the invariant parameter 
corresponding to the orbit represented by a = {5} and b = {3, 4, 6} (b is 
the triangle and the link of a is the suspension of this triangle), S7 is the 
invariant parameter corresponding to a = {6} and b = {5,7}. This orbit 
consists of this single element, the link of a is the octahedron (suspension of 
a quadrangle), and b consists of two adjacent points of the quadrangle, and 
Sg is the parameter corresponding to the orbit represented by a = {1, 2} and 
b = {3,4, 7}. Here the link of a is the triangle b. From the expressions on 
page [81] in the Appendix, we have s 4 := t 5 = t w , 37 := tn and s$ '■— t\s = 
tw = t 2 4 = t 2 5- We set the other tj to zero. Now the general fiber in this 
three parameter family is defined by the 4x4 pfafnans of the matrix 



2 

-x x x 2 

X3X4 
S4X5 



2 2 

s 8 (x 3 + x i ) x 5 -x 6 

-Sg(x 3 +X 4 ) S-jXq x 7 

-x 5 s 7 x 6 s 8 {xi+x 2 ) 

Xq —X 7 -S 8 (xi+X 2 ) 
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a 


b 


Link 


# m L> 7 -orbit 


{!} 


ro a~\ 
{3,4} 


cyclic polytope 


4 


{5} 


{1,2} 


suspension of triangle 


2 


{5} 


ro a i 
{3,4} 


ii 


2 


feci 


{3,4,6} 


ii 


2 


{5} 


{3,6} 


ii 


4 


{6} 


{1,2} 


octahedron 


2 


{6} 


{5,7} 


ii 


1 


{1,2} 


{3,4, 7} 


triangle 


4 


{1,5} 


{3,4,6} 


M 


4 


{1,5} 


{3,4,6} 


II 


4 


{1,2} 


{3,4} 


II 


2 


{1,2} 


{3,7} 


II 


4 


{1,5} 


{3,4} 


II 


4 


{1,5} 


{3,6} 


II 


8 


{1,6} 


{3,4} 


quadrangle 


4 


{1,6} 


{5,7} 


ii 


4 


{1,7} 


{3,4} 


ii 


4 


{1,7} 


{2,6} 


ii 


4 


{5,6} 


{1,2} 


ii 


2 


{5,6} 


{3,4} 


ii 


2 



Table 4.2: T 1 is 67 dimensional for the Stanley-Reisner scheme of Pj 
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If we construct a one-parameter family with parameter s := S4 = Sj = Sg, 
the matrix is 



U sXj X1X2 — X3X4 

—SX 2 s(xs + £4) £5 

— XiX 2 —s(x 3 + £4) SXq 

X3X4 — x 5 —sx G 

SX5 X6 — £7 — s(xi+£2) 



-sx§ 
-x 6 
£ 7 

+ x 2 ) 




Let X s be the variety generated by the principal pfaffians of this matrix, 
is defined by the ideal generated by the polynomials 



It 



Pl = X 5 X 7 + Sxl ~ s2 ( x l + x 2)(%3 + £4) 

p 2 = 23X4X7 + s(xi + x 2 )xix 2 - s 2 xlx G 
p 3 = £3X4X6 + sxf — s 2 (xi + X 2 )Xj 

Pi = X\X 2 Xq + SXj — S 2 (X3 + X^X 2 , 

p 5 = XiX 2 X 5 + sx 3 x 4 (x 3 + x 4 ) - s 2 x 6 x 2 

By a Macaulay 2 [13] computation, the singular locus of this variety is 0- 
dimensional, and the degree of the singular locus is 48. This fits nicely with 
the computation we will perform in chapter \5[ where we find that there are 
4 isolated singularities of type Qi 2 . 

Other choices of 3 parameters give different results. In most cases, the 
general fiber has singular locus of dimension greater than zero, but there are 
several ways to construct families where the general fiber has 0-dimensional 
singular locus. One is obtained if the nonzero parameters (which we equate) 
are si, S4 and s$ or si, S4 and s\o, where S4 and s$ are as above, and s% is 
the invariant parameter corresponding to the link being the cyclic polytope 
and S10 is corresponding to the link being a triangle and a = {1,2} and 
b = {3, 7}. In this case the degree of the singular locus is 79 dimensional. It 
is expected that a similar computation as that in Chapter would give the 
same result also in these cases. In this case, the general fiber in the three 
parameter family is defined by the 4x4 pfaffians of the matrix 






2 


fl2 




2 

54X5 


2 





h 


x 5 


-x 6 


-fa 


-k 








• r 7 


fu 










h 


S4X5 


•*'6 


-Xi 


-h 
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where f 12 = x x x 2 + s\{x% + xfj, f u = £ 3 £ 4 + Si(x\ + x"%), and l x = s 8 (x 1 + 
£2) + s w (xs + x 4 ) and l 2 = s$(x 3 + £4) + s 10 (xi + x 2 ). 

If we include all these four parameters, si, S4, Ss and S10, and equate the 
first three, say s := Si = S4 = s§ and set t := S10, we still get dimension 
and degree 79. If we equate all these four parameters, we no longer have 
isolated singularities, since l\ = l 2 in the matrix above in this case. 

As in the previous section, there is also a subgroup E C T7 of the quotient 
torus acting on X s . Consider the diagonal scalar matrix 



Ai 























A 2 























A3 























A, 























A 5 























A 6 























At 



which acts on (x\, . . . , Xj) by 

A • (xi, . . . , x 7 ) = (Ai • £1, . . . , A 7 • x 7 ) . 

The subgroup acting on X s is generated by the A with the property that 
X ■ Pi = CiPi for i = 1, ... 5, and c, a constant. From Xpi — c\ • p±, we obtain 
the equations 

A5A7 = Ag = A1A3 = A1A4 = A2A3 = A2A4 . 

Hence Ai = A 2 , A 3 = A 4 . For convenience, we set A 7 = 1, and we get the 
equation 

A 5 = X\ = A1A3 (4.9) 
From Xp 2 = c 2 ■ p 2 , we obtain the equations 

A3A4A7 = X^X 2 = A1A2 = A5A6 
Inserting x 7 = 1, A 2 = Ai and A 4 = A 3 , we get 

Xt = X 3 1 = X 2 5 X 6 (4.10) 
Combining equation 14.91 and 14.101 we get 

X 2 3 = Xl = Xl (4.11) 
From Xp3 = C3 • ^3, we obtain the equations 
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A3A4A6 — A 3 , — A1A7 — A2A7 
Inserting A7 = 1, A2 = Ai, A4 = A3 and A5 = Ag we get 

= Aq = Ai (4.12) 
Combining equation 14.111 and 14.121 we get 

A 6 3 = l 

and 

We conclude that the subgroup H is isomorphic to Z/13Z with generator 



(xi : x 2 : £3 : x A : x 5 : x 6 : x 7 ) i-)> (^ 3 Xi, fx 2 , £ U x 3 , ^ n x 4 , £x 5 , £ 7 x 6 , x 7 ) 

where £ is a primitive 13th root of 1. 

The mirror is constructed in Bohm's thesis |8J, using tropical geometry. 
It can also be constructed by orbifolding, by a crepant resolution of X s /H. 
In the next chapter we will verify that the euler characteristic of this mirror 
candidate is actually 120, as it should be. 



Chapter 5 



The Euler Characteristic of the 
Bohm Mirror 

Let X be the smooth general fiber of the versal family we studied in 13.71 
Proposition ^. 7.2l states that the Hodge numbers are h l,1 (X) = 1 and h l,2 (X) = 
61, hence we have 

X (X) = 2 ■ {h l '\X) - h l ' 2 (X)) = 2 • (1 - 61) = -120 . 

In this chapter we verify that the Euler Characteristic of the Bohm mirror 
candidate actually is 120 as it should be. 

Recall from Section l4~2l that X s is the (singular) general fiber of the given 
one parameter subfamily of the full versal family, and that H is the group 
Z/13Z which acts on X s . Let Y s be the quotient space Y s := X s /H. 

In this chapter, we construct a crepant resolution / : M s — > Y s and prove 
the following result, using toric geometry. 

Theorem 5.0.1. The Euler characteristic of M s is 120. 

The variety X s has four isolated singular points at (1 : : : : : : 0), 
(0 : 1 : : : : : 0), (0 : : 1 : : : : 0) and (0 : : : 1 : : : 0). 
The group H acts freely on X s away from 6 fixed points: The four singular 
points and the two smooth points (1 : — 1 : : : : : 0) and (0:0:1: 
— 1:0:0:0). Locally at the latter points, the quotient space Y s is the germ 
(C 3 /H, 0) where the action is generated by the diagonal matrix with entries 
(£>£;£ -2 )- To see this, notice that if we set yi := Xi/xi, the entry X1X2 = yi 
in matrix (14.81) is a unit locally around the point (—1 : : : : : 0). Since 
the matrix (14.81) is also the syzygy matrix of the ideal generating X s , the five 
pfaffians generating this ideal reduce to three: 

2/22/5 + 52/32/4(2/3 + 2/4) - s 2 y & y 2 7 
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2/22/6 + syj - s 2 (y 3 + y 4 )yl 

2/32/42/7 + sy 2 (l + y 2 ) - s 2 y 2 y 6 . 

Set v = y 2 . Then the second equation gives y 6 = — ^2/7 + ^ (2/3 + 2/4)2/5- 
Inserting this in the first equation gives 

f :=wy 5 + svy 3 y 4 (y 3 + 2/4) + s 3 y 7 

where w is the unit v 2 — s 4 (y 3 + y^y^y 2 , so locally at the fixed point 
(1 : -1 : : : : : 0), the quotient X s /H is 

Spec (C[2/3,2/4,2/5,2/ 7 ]/(/) H ) = Spec {C[y 3 , y 4 , y 7 f) - C 3 /H. 
The group H acts by 

(2/3,2/4,2/7) >->■ (£2/3, £2/4, "TV) • 

The situation is similar in the other fixed point (0 : : 1 : — 1 : : : 0). 

Now consider the four singular points. One sees that D4 gives isomor- 
phisms of the germs at the singular points. Let P be one of these singular 
points, by symmetry we can choose P = (1 : : : : : : 0). To see what 
{X s , P) look like locally, we consider an affine neighborhood of P, so we can 
assume X\ = 1 with P the origin in this affine neighborhood. Set yi = —. 
Now s(xi + x 2 ) = s(l + 2/2) is a unit around the origin, and the five pfaffians 
again reduce to three: 

2/52/7 + S2/6 2 - s 2 (l + 2/2) (2/3 + 2/4) 
2/32/42/7 + S2/2(l + 2/2) - s 2 2/5 2 2/6 
2/32/42/6 + S2/5 3 - s 2 (l + 2/2)2/7 2 

From the second equation we get y 2 = u(s 2 y 5 2 y & — 2/32/42/7) where it is a unit 
locally around the origin. The first and third equations are now 

2/52/7 + S2/6 2 ~v(y 3 + 2/4) 

2/32/42/6 + S2/5 3 - vy 7 2 

where v is the unit s 2 (l + 2/2)- Set ^ = y 3 + 2/4, £2=2/3- 2/4, £3 = 2/5, z 4 = 2/6 
and £5 =2/7- Then we have 

z 3 z 5 + sz\ - V Zl 
(z 2 - z 2 )z A + Asz 3 3 - Avz 2 
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Inserting Z\ = ^(-23-25 + sz\) in the second equation gives 

z 3 2 z 4 z 2 + 2sz 3 z 4 3 z 5 + s 2 z\ - v 2 z 2 z 4 + Asv 2 z 3 3 - Av 3 z 2 . 
After a coordinate change, this polynomial is 

g = z\ + z\ + -22-24 + z\ + W\Z 3 z\z^ + W 2 z\z 4 z\ • 

where W\ and w 2 are H invariant units (since y 2 = x 2 jx\ maps to y 2 under 
the action of H). The polynomial g has Milnor number 12, and the corank 
of the Hessian matrix of g is 3. By Arnold's classification of singularities [5] 
the type of the singularity is Q\ 2 . The normal form of this singularity is 

/ = z\ + z\ + z\z 4 + z\ . 

In order to show that / and g represent the same germ, we give an H invariant 
coordinate change taking g to / locally around the origin. 
We first perform the coordinate change 

1 3 

z 5 z 5 - ~WiZ 3 Z 4 , 

which maps g to 

2,3,2 5 1 2 2 6 , 2 2 3 4 , 2 47 

Z 5 + Z 3 + Z 2 Z 4 + z t - ^ W 1 Z 3 Z A + W 2 Z 3 Z 4 Z 5 - W 1 W 2 Zp 4 Z 5 + -W 1 W 2 Z 3 Z 4 . 

This expression may be written 

U\z\ + U 2 Z% + ,22-24 + U 3 z\ . 

where m, u 2 and u 3 are H invariant units locally around the origin. After a 
coordinate change, we obtain the standard form /. 

Since H now acts as (z 2 , z 3 , z 4 , Z5) (£, 8 z 2 , i~ 2 z 3 , £ 4 z 4 , C,~ 3 z 5 ), the poly- 
nomial / is semi-invariant in the sense that f{£, s z 2 , £~ 2 z 3 , £, 4 z 4 , £ _3 -2s) = 
£ 7 f{ z 2, -23, -24, Z5). In fact, it is also a quasi-homogeneous function of degree 1 
and weight (a 2 , a 3 , a 4 , a 5) = (§,§, §, §), i.e. 

f(\<**Z 2 ,...,\ a *Z 5 ) = \f(z 2 ,...,Z 5 ) 

for any A > 0. We now use also Arnolds notation and set f = w 2 + x 3 + 
y 5 + yz 2 . The singularity of Y s at is a so called hyper quotient singularity 
(hypersurface singularity divided by a group action). The group H acts on 
Z := Z(f) := {p I f(p) = 0} C C 4 , and we have Z/H = Proj(Oc*/(/)) H - 
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The quotient (Z/H,0) is Gorenstein. This follows from the following 
general observation. Let if be a finite subgroup of GL n (C) and (Z,0) C 
(C n , 0) a codimension r Gorenstein singularity with an induced H action. 
Let J 7 be a free Oc« resolution of Oz which is also an H module; i.e. Fi = 
C n (gi V i as H modules with Vi a representation of H. Let Vdet be the 
representation g i-> det(g). If V fc * = V r -k ® Vdet as representations, then 
(Z/H,0) is Gorenstein. 

Let V be the singularity (Z/H, 0) C (C 4 /#, 0). It is defined by the ideal 
(f) H in 0^ 4 . We wish to construct a crepant resolution V — > V of this 
singularity. 

From now on we use freely the notation and results from the book by 
Fulton [12J. We may find a cone cr v and a lattice M such that 



C[w,x,y,zf = C[a v HM] 

A monomial w a x l3 y' y z s maps to ^~ 3a - 2 l 3 + 4 'y+ 8S w a xl 3 y^ z 5 . This monomial is 
invariant under the action of H if —3a — 2/3 + 47 + 85 = (mod 13). This 
equation can be written a + 5(3 + 37 + 65 = (mod 13). Let M be the lattice 



{(a,/3,7,5)|a + 5/3 + 37 + 65 = (mod 13)} 

and let <r v be the first octant in Mr. Let iV := Hom(M, Z) be the dual 
lattice, i.e. 

iV = Z 4 + -3-(l,5,3,6)Z . 

The dual cone a is the first octant in ATr. Let fi,...,t>4 be the vectors 
Vl = 5, 3, 6), u 2 = (0, 1, 0, 0), v 3 = (0, 0, 1, 0) and v 4 = (0, 0, 0, 1). The 
isomorphism ©Zi>j — >■ iV given by multiplication by the matrix 



A :-- 



'1/13 
5/13 
3/13 
6/13 



takes the cone generated by (13, —5, —3, —6), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1) 
to the cone a. The dual isomorphism M — > Zu>j is given by multiplication 
by the transpose A T . 

We find a toric resolution — > C 4 /H with 



-C 4 /H 
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[0,0,0,1], [0,0,1,0], [0,1,0,0], [1,0,0,0], [3,-1,0,-1], [3,0,0,-1], 
[5,-1,-1,-2], [5,-1,0,-2], [6,-2,-1,-2], [7,-2,-1,-3], [8,-3,-1,-3], 
[9, -3, -2, -4], [11, -4, -2, -5], [11, -4, -2, -4], [12, -4, -2, -5], 
[13, -5, -3, -6], [14, -5, -3, -6], [15, -5, -3, -6] 



Table 5.1: The rays p of a regular subdivision E of the cone a. 

where V is the strict transform of V. A toric resolution of C A /H corresponds 
to a regular subdivision of a. This may be computed using the Maple package 
convex [11] . The command regularsubdiv in convex does not give a resolution 
with a smooth strict transform, so an additional manual subdivision is made. 
Table lists the rays in such a regular subdivision, in the basis v±, . . . , Uj. 
On page [78] in the Appendix, all the maximal cones of this subdivision E of 
a are listed, and they are labeled t±, . . . , T53. Each cone is represented by the 
four rays spanning it. 

The polynomial / is only semi-invariant, and the ideal (f) H has many 
generators in C[cr v fi M\. Still, V is irreducible and codimension 1 in Xy, 
and therefore defined by an irreducible polynomial f T in each C[r v fl M] = 
2/2, 2/3, 2/4] when r G E. The yi correspond to the four rays of r, in the 
order in which they are listed on page 1781 To compute f T , take the image of 
any generator of (f) H by the inclusion C[<r v nM] C C[r v flM] and remove all 
factors which are powers of some j/j. We can choose the generator y s f G (/) . 



The weights of the monomials of y 8 f are [2, 0, 8, 0],[0, 3, 8, 0],[0, 0, 13, 0] and 
[0,0,9,2]. 



We will compute f T for a specific r to illustrate the idea. Let r := T\ be the 
cone in E generated by the vectors [13, —5, —3, —6], [0, 0, 1, 0], [3, —1, 0, — 1] 
and [8,-3,-1,-3] in ©Zi>j. Let B be the matrix 



The rays of r v are generated by the columns of the matrix (B 1 ) T . Thus 
in M, the rays of r v are generated by the columns of (A T )~ 1 ■ (B~ l ) T = 
(B T A T )~ X . The image of y 8 f by the inclusion is a factor f T of the polynomial 

y B T A T -[2,0,8,0] + y B T A T - [0,3,8,0] + y B T A r -[0,0,13,0] + y B T A T -[0,0,9,2] ^ where the mu j ti 

index notation y[ ll >-> 14 ] means y % i ■ ■ ■ J/4 4 . In this case f T = y^yf + 1 + + 
2/42/32/2 • In this way one checks that all / in fact define smooth hypersurfaces 
in each chart, i.e. that V is smooth. 



B : 



13 3 

-5 -: 

-3 1 

-6 - 



1 



1 



8 

-3 
-1 
-3 
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Each ray p in E, aside from the 4 generating the cone a, determines an 
exceptional divisor D p in Hence there are 14 exceptional divisors in 

For every ray p, the exceptional divisor D p is a smooth, complete toric 
3-fold and comes with a fan Star(p) in a lattice N(p); we define N p to be the 
sublattice of N generated (as a group) by p D iV and 

N(p) = N/N p , M(p) = M n p 1 
The torus T p C _D P corresponding to these lattices is 

T p = Hom(M(p),C*) = Spec(C[M(p)]) = N{p) ® z C* . 

The subvariety V will only intersect 10 of these exceptional divisors D p . To 
check this, we compute the fan consisting of all the cones of E containing 
the ray p, realized as a fan in the quotient lattice N(p). The quotient map 
C[t v DM] — > C[r v flM(p)] sends ?/j to if yi is the coordinate corresponding 
to the ray p. The other three coordinates are unchanged. Let f T be the 
image of f T under this projection map, i.e. f T := f T \{yi = 0). 

We consider the cone r = T\ studied above, and the ray p generated by 
(3, —1, 0, —1). In this case, the coordinate y 3 is zero, and the polynomial f T 
is y±y\ + 1. Hence the ray p intersects V in this chart. This computation 
can be performed for all the 14 rays. If the strict transform is 1 on all 
charts containing Di, then there is no intersection. The rays generated by 
[3, 0, 0, -1],[5, -1, 0, -2], [8, -3, -1, -3] and [11, -4, -2, -4] do not intersect 
V, hence the subvariety V will intersect 10 of the exceptional divisors. 

In 9 of these 10 cases the intersection is irreducible and in one case the 
intersection has 4 components, but one of these is the intersection ^with an- 
other exceptional divisor. All in all the exceptional divisor E in V has 12 
components. We list the 12 components of E in Table 15.21 

We may check that the resolution is crepant using the following for- 
mula for the discrepancies of hyperquotient singularities, see the article by 
Reid [23J. Let a G iV be the primitive vector generating p. Any m G M de- 
termines a rational monomial in the variables w, x, y, z and we write m G / 
if the monomial is in {w 2 , x 3 , yz 2 , y 5 }. Define a{f) = min{a;(m) | m G /}. 
The result is that components of V H D p are crepant if and only if 

a(l,l,l,l) = a(/) + l . 

This may easily be checked to be true for all p G E with V PI D p ^ 0. 

To compute the type of Ei, several different techniques were needed de- 
pending upon the complexity of D p and/or f T , p C r. For each p we compute 
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Label 




a 




Type 


X 


Ei 


(6,- 


-2,-1,- 


-2) 


p2 


3 


E 2 


(3, 


-1,0,- 


1) 


BliF 2 


5 


E 3 


(11,- 


-4,-2, 


-5) 


F 5 


4 


Ei 


(7,- 


-2,-1,- 


-3) 


F 2 


4 


E 5 


(9,- 


-3,-2,- 


-4) 


B1 2 F 2 


6 


E e 


(9,- 


-3,-2,- 


-4) 


B1 2 F 2 


6 


E 7 


(15,- 


-5,-3, 


-6) 


B1 3 F 2 


7 


Eg 


(12,- 


-4, -2, 


-5) 


B1 3 F 2 


7 


Eg 


(14,- 


-5,-3, 


-6) 


F 2 


4 


E±o 


(1 


,0,0,0 


) 


BI3P 2 


6 


En 


(9,- 


-3,-2,- 


-4) 


BI1F4 


5 


E\2 


(5,- 


-1,-1,- 


-2) 


F 3 


4 



Table 5.2: Components of V PI E. 



the polynomials f T . If for some r, f T is on the form f T = yj 3 y^ h + 1 with 
(rij,nk) 7^ (0,0), we use Method 1 described below. 

Method 1. In some cases the intersection V fl T p is a torus. This torus 
may be described as N(p) <g> C*, where N(p) is a rank 2 lattice. The inclusion 
V PI T p — ?• T p may be computed to be induced by a linear map : N(p) — > 
N(p). Now V fl -Dp is the closure of fl T p in T> p , so it is the toric variety 
with fan _1 (Star(p)). 

E\. Consider the case where a primitive vector generating p is (6, —2, —1, —2). 
Let r = r 29 be the cone generated by (13, —5, —3, —6), (0, 0, 0, 1), (6, —2, —1, —2) 
and (14, —5, —3, —6). In this chart, V is generated by f T = yf 3/4+ 1+2/22/1+2/3 ■ 
Restricted to 2/3 = (corresponding to the ray (6,-2,-1,-2)), this gives 
f T = 2/i2/4 + 1- Hence the inclusion V fl Tv(p) — > Tv( p ) is induced by the 
inclusion of the sublattice N(p) = Z 2 of N(p) = Z 3 generated by ±(1, 0, -2) 
and ±(0, 1, 0). Hence the map (f> : N(p) — > N(p) is 

" 1 0" 

1 
-2 0_ 

and V fl Dp is 0~ 1 (Star(p)). The fan Star(p) consists of 10 maximal cones, 
and _1 (Star(p)) is generated by the rays through (—1, 0), (0, 1) and (1, —1). 
This fan is drawn in figure [5TT| and it represents P 2 . In fact, _1 (Star(p)) 
can be checked to generate P 2 for all the 10 maximal cones r with p a ray in 
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Figure 5.1: A fan representing P 2 




Figure 5.2: A fan representing BliF 2 

r. In Table |5T2| this component of the exceptional divisor E is labeled E\. 

E2. Now let p be generated by the primitive vector (3,-1,0,-1), and let 
t = r 48 . In this chart, V is generated by f T = 2/22/3 + +2/42/22/1 • Restricted 
to 2/1 = (corresponding to the ray (3, —1, 0, —1)), this gives f T = 2/22/3 + !• 
By a similar computation as the one above, the fan _1 (Star(p)) is generated 
by the rays through the points (-1, -1), (0, 1), (1, 1), (1, 2) and (2, 1). This 
fan is drawn in figure I5T2"1 Since (1, 2) is the sum of (0, 1) and (1, 1), the fan 
represents the blow up of F2 in a point. On the other hand, (0, 1) is the sum 
of (—1,-1) and (1, 2), and the fan represents the blow up of F3 in a point. 
These two surfaces are isomorphic. 

E%. Let r = r 48 . In this case f T = y 2 y1 + 1 + y\y\y\ + 2/1 • Restricted to 2/2 = 
(corresponding to the ray p, this gives f T — 1 + yi- The fan _1 (Star(p)) is 
generated by the rays through the points (—5, —1), (—1, 0), (0, 1) and (1, 0), 
and is drawn in figure I5T3"1 This fan represents F 5 . 
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Figure 5.3: A fan representing F 5 



E 4 . Let t = r 36 . In this case f T = y| + 2/22/i2/42/3 + 1/2 + 1- Restricted to y 3 = 
(corresponding to the ray p, this gives f T — 1 + 1/2- The fan _1 (Star(p)) is 
generated by the rays through the points (—1,2), (0,-1), (0,1) and (1,0), 
which represents F2. 

£5 and Eq. In these two cases it is a component of V l~l -D p that inter- 
sects Tjv( p ) in a torus. To see this, consider the case with p generated by 
the primitive vector (9,-3,-2,-4). The fan Star(p) consists of 18 maxi- 
mal cones. Consider the cone r := r 13 . In this chart, V is generated by 
fr = 2/3 + 2/22/3 H- J/12/2 +y\ 2/22/1- Restricted to y 3 = (corresponding to the ray 
(9, —3, —2, —4)), this gives the polynomial f T = 2/12/2(1 + 2/12/4) • The com- 
ponent 2/i = corresponds to the ray (0,0, 1,0) and the component 2/2 = 
corresponds to (1,0,0,0). These two components are labeled E w and En, 
and we take a closer look at these in Method 3. Both factors (1 + iyfy^ and 

(1 — 22/12/4) of the polynomial f T give rise to a linear map : N(p) — > N(p) 
represented by the matrix 



1 


-2 



and x (Star(p)) is generated by the rays through (—1, —2), (—1,-1), (—1,0), 
(0,1), (1,2) and (2,3). Since (-1,0) = (-1,-1) + (0,1) and (-1,-1) = 
(-1, -2) + (0, 1), the fan represents B1 2 F 2 . 

Method 2. In 3 cases one sees from the fan Star(p) that D p is a locally 
trivial P 1 bundle over a smooth toric surface. 

E 7 . Consider first the case with p = (15, —5, —3, —6). Let M be the matrix 



M 



1 9 15 
0-3-5 
0-2-3 
10-4-6 
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A 

5 1 




Figure 5.4: A representation of the surface Bl^ 

and let r be the cone generated by the columns of M, i.e. r = r 42 . The fan 
Star(p) is the image of the 10 maximal cones in E containing the ray p under 
the projection map Pr : N — > N(p) given by 





"1 








0" 




"0 





-2 


1 


Pr := 





1 








x M" 1 = 


1 


3 
















1 










3 


-5 






The fan Star(p) in N(p) is generated by the rays (—1, 0, —3), (—1, 0, —2), 
(0, -1, 0), (0, 0, -1), (0, 0, 1), (0, 1, 0), (1, 0, 0). Let A' be the fan generated 
by 1 and —1 in the lattice Z, and let A" be the fan generated by (—1, —3), 
(—1,-2), (0,-1), (0,1) and (1,0) in the lattice Z 2 . There is an exact se- 
quence of lattices 

-> Z -> N(p) -> Z 2 -> 

where the map Z — > N(p) is the inclusion n i— > (0, n, 0) and the map N(p) — > 
Z 2 is the projection (x,y,z) (x,z). This exact sequence gives rise to 
mappings 



X(A') -)• X(Star(p)) -)• X(A") 
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where X(A' ) is the blow up of F 2 in a point, and X(A') is P 1 . Thus we have 
a trivial P 1 bundle over BI1F2. 

We can find out what V R D p is by a local look at the fibers of the map 
V R -Dp —7- Bl!F 2 . Over the charts labeled 2, 3 and 4 in Figure 15.4} the map 
is an isomorphism. Over the intersection of the charts 1 and 5, we have an 
isomorphism except over two points in BI1F2, where the inverse image is a 
line. Hence, V R D p is isomorphic to BI3F2. 

E 8 . In this case the fan Star(p) represents a locally trivial P 1 bundle over 
B1 2 F 2 , and V R D p is isomorphic to B1 3 F 2 . 

To see this, let p = (12, —4, —2, —5), and let M be the matrix 



M 



9 11 13 12 

-3 -4 -5 -4 

-2 -2 -3 -2 

-4 -5 -6 -5 



and let r be the cone generated by the columns of M, i.e. r = r 47 . The fan 
Star(p) is the image of the 12 maximal cones in E containing the ray p under 
the projection map Pr : N — > N(p) given by 





1 
















3 


-1 -2 


Pr : = 





1 








x M -1 = 


-1 


1 


2 -4 










1 










-2 


-1 2 



The fan Star(p) in N(p) is generated by the rays (—1,0,0), (—1,2,-1), 
(0, -2, 1), (0, -1, 0), (0, -1, 1), (0, 0, 1), (0, 1, 0) and (1, 0, 0). Let A' be the 
fan generated by 1 and —1 in the lattice Z, and let A be the fan generated 
by (2, -1), (-2, 1), (-1, 0), (-1, 1), (0, 1) and (1, 0) in the lattice Z 2 . There 
is an exact sequence of lattices 



Z ->• N(p) Z 2 

where the map Z — > N(p) is the inclusion n 1— > (n, 0, 0) and the map N(p) — > 
Z 2 is the projection (x,y,z) 1— >■ {y,z). This exact sequence gives rise to 
mappings 

X(A') X(Star(p)) ->• X(A") 

where X(A") is the blow up of F 2 in two points, and X(A ) is P 1 . Thus we 
have a locally trivial P 1 bundle over B1 2 F 2 . 

We can find out what V R D p is by a local look at the fibers of the map 
VC\D p — > BI1F2. By a similar computation as in Eg, we find that the inverse 
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image is a line in one point, and otherwise an isomorphism. Hence, V fl D p 
is isomorphic to B1 3 F 2 . 

Eg. Let p be generated by the primitive vector (14, —5, —3, —6), and let M 
be the matrix 

"0 9 15 14" 



1 -4 -6 -6 

and let r be the cone generated by the columns of M, i.e. r = t^q. The fan 
Star(p) is the image of the 10 maximal cones in E containing the ray p under 
the projection map Pr : N — > N(p) given by 





"1 








0" 




"0 





-2 


1 


Pr := 





1 








x M~ l = 





3 


-5 













1 







1 


1 


3 






The fan Star(p) in N(p) is generated by the rays (—1, —3, 2), (—1, —2, 2), 
(0, -1, 1), (0, 0, -1), (0, 0, 1), (0, 1,0), and (1, 0, 0). Let A' be the fan gen- 
erated by 1 and —1 in the lattice Z, and let A" be the fan generated by 
(-1,-3), (-1,-2), (0,-1), (0,1) and (1,0) in the lattice Z 2 . There is an 
exact sequence of lattices 

->■ Z -> N(p) ->■ Z 2 ->■ 

where the map Z — > N(p) is the inclusion n h- >■ (0, 0, n) and the map N(p) — > 
Z 2 is the projection (x,y,z) h-> (x,y). This exact sequence gives rise to 
mappings 

X(A') -)• X(Star(p)) -)■ X(A") 

The image of Eg under this last projection is a rational curve on a toric 
surface, and Eg is a P 1 bundle over this curve, but a local computation as in 
E 7 does not tell us what V fl D p looks like. 

We look at the 10 charts of X s containing D p . Four of these cover V(~)D p . 
A covering is given by the cones r 2 2, r 2 4, r 50 and r 5 i. In these four maps, 
the polynomial f T is of the form 1 + x + y 2 , hence V fl D p is a union of four 
copies of C 2 . They glue together to form F 2 . 

Method 3. In two cases Ei is an orbit closure in X s corresponding to a 
2-dimensional cone in E. 

E w . This component is D Pl fl D P2 , where p\ is generated by (1,0,0,0) and 
p 2 is generated by (9, —3, —2, —4). To see this, consider the chart given by 
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the cone r := r 42 . In this chart, V is generated by f T = y 2 y% + IJ3 + y\y 2 + 2/2- 
Restricted to y 2 = (corresponding to the ray (1, 0, 0, 0)), this gives f T = y% 
(corresponding to the ray (9, —3, —2, —4)). We now define N pijP2 to be the 
sublattice of iV generated (as a group) by (pi fl N) x (p 2 H N) and 

N( Pl ,p 2 ) = N/N puP2 , M( Pl ,p 2 ) = ¥ n p| n 
Let M be the matrix with columns the vectors generating r, i.e. 



15 9 1 

-5 -3 

-3 -2 

-6 -4 



and let Pr : iV — y N(p 1 ,p 2 ) be the projection map 



Pr : = 



10 
10 



x ikr 1 = 



00-21 

0-230 



The set of cones in £ containing both p 1 and p 2 is defined by its set of images 
in N(pi,p 2 ) under Pr. There are 6 maximal cones in £ containing both 
(1, 0, 0, 0) and (9, —3, —2, —4), and they project down to the fan generated by 
the rays (-2, 3), (-1, 1), (-1, 2), (0, -1), (0, 1) and (1, 0). This fan represents 
B1 3 P 2 . 

En. This is the intersection of D p , p generated by (9, —3, —2, —4), and the 
non-exceptional divisor corresponding to the ray (0, 0, 1, 0). The computation 
is similar as for E w , with 



Pr 



1-10 3 
4 -3 



and the fan generated by the rays (—1,4), (0, —1), (0, 1), (1, —1) and (1,0) 
represents Bli(F 4 ). 

Method 4. We need the following definitions. Let P be a polytope in W 1 . 
For every nonempty face F of P we define 

Np := {c e (R d )*\F C {x e P\cx > cy Vy G P}} . 
We define the normal fan Np as 

N P = {N F \F is a face of P} . 

Ei 2 is computed by finding a polytope A in M(p)^ which has Star(p) as 
normal fan. Now the ray p is generated by the vector (5, —1, —1, —2). Con- 
sider the local chart given by the cone r, where r is spanned by the vectors 
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Figure 5.5: The polytope with Star(p) as a normal fan. 



(0, 1, 0, 0), (9, -3, -2, -4), (7, -2, -1, -3), (5, -1,-1, -2). Let M be the ma- 
trix with columns the vectors generating r, i.e. 

"0 9 7 5 " 



-4 -3 -2 
The projection map Pr : iV — » N(p) is given by 





"1 








0" 




"-1 1 





-3 


Pr : = 





1 








x M~ l = 


-1 


-1 


-2 










1 










2 


-1 



The fan Star(p) in N(p) is generated by the rays (—3, —2, —1), (—1, —1,0), 
(0, 0, 1), (0, 1, 0) and (1, 0, 0). Up to translation, the polytope with vertices 



(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 0, 1), (0, 0, 4), (0, 1, 2) 

has Star(p) as normal fan, see figure 15.51 

We let Sa be the graded C-algebra generated by monomials t k x m , where 
m is an element of the Minkowski sum kA and x™ = x mi y m2 z m3 for m = 
(mi, 7712,1713). The 10 lattice points contained in the polytope, the 6 vertices 
above and 4 interior lattice points, give us the equations 
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= t 


Zl 


= tx 


Z2 


= ty 


Z3 


= tz 


Z 4 


= txz 


z 5 


= tz 2 


z e 


= tz 3 


Z7 


= fz 4 


zs 


= tyz 


Zg 


= tyz 2 



defining an embedding of D p in P 9 . Its equations are given by the 2x2 
minors of the matrix 



Z3 


Z5 


z 6 


Zl 


Za 


zs 


Zg 


zo 


Z3 


Z5 


Z 6 


Zl 


Z2 


z 8 _ 



Now consider the vertex (1, 0, 1), corresponding to the variable z 4 . Consider 
the chart z 4 7^ with Xi = Zi/z 4 . The remaining coordinates are Xi, x-j and 
Xg, corresponding to the cone with vectors (—1, 0, 3), (—1, 1, 1) and (0, 0, — 1). 
This is the dual of the cone in Star(p) with rays generated by the vectors 
(-3, -2, -1), (-1, -1, 0) and (0, 1, 0). In this chart, V n D p is given by the 
equation x 7 + x$ + x\xj. In the torus coordinates, this is z/x ■ (1 + y + z 2 ). In 
fact, in every chart VHD p is given by the equation u-{l+y+z 2 ), where u is an 
invertible element in C[x , y , z, 1 / x , 1/y , 1/ z]. Since (1 + y + z 2 ) = z + z 2 + z§, 
the equations for V fl D p reduce to the 2x2 minors of the matrix 

Z3 Z5 Zq Zj 
z Z3 Z 5 Zq 

This is a (4 : 1) rational scroll in this embedding; i.e. E\ 2 = ^3- 

The space E is a normal crossing divisor. We may therefore describe the 

intersections of components with a simplicial complex (the dual complex or 

intersection complex). The vertices {i} correspond to the components 

and {i u ... 4} is a face if E h fl • • • fl E ik ^ 0. 

The intersection complex may be computed by looking at the various 

V n D Pl n D P2 and V n D Pl n D P2 n D pa . We list here the facets of the 

complex. 

{1, 2, 7}, {2, 7, 8}, {3, 8, 11}, {4, 10, 11}, {4, 10, 12}, {5, 7, 9}, {5, 7, 10}, 
{5, 10, 12}, {6, 7, 9}, {6, 7, 10}, {6, 10, 12}, {7, 8, 9}, {7, 8, 10}, {8, 10, 11}. 



za 

Zl 
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We see that there are 14 facets, corresponding to 14 intersection points of 3 
components and 25 edges corresponding to 25 projective lines which are the 
intersections of 2 components. 

Lemma 5.0.2. The Euler characteristic of E is 25. 

Proof. Using the inclusion-exclusion principle and the fact that E has normal 
crossings, we may compute the Euler characteristic x{E) by 

x(E) = T l x(E i )-T l x(EinE j )+ £ x^nE.nEk) . 

i i<j i<j<k 

Now from Table 15721 we count = 61. We have xi^ 1 ) = 2- Thus from 

the intersection complex, we compute x{E) = 61 — 25 x 2 + 14 = 25. □ 

For the other 2 (quotient) singularities we may use the McKay correspon- 
dence as conjectured by Miles Reid and proved by Batyrev in |6j, Theorem 
1.10. In a crepant resolution of C n /H, H a finite subgroup of SL n , the Eu- 
ler characteristic of the exceptional divisor will be the number of conjugacy 
classes in H. In our case this is 13. Denote these exceptional divisors E' . 

We have constructed a resolution M s — > Y s , where Y s is the quotient 
X s /H. Let U be the complement of the 6 singular points in Y s . 

Lemma 5.0.3. The Euler characteristic of U is —6. 



Proof. The singular variety X s smooths to the general degree 13 Calabi- 
Yau 3-fold in P 6 . A Macaulay 2 computation shows that the total space 
of a general one parameter smoothing is smooth. The smooth fiber has 
Euler characteristic -120, see Proposition 13.7.21 The Milnor fiber of the 3- 
dimensional Q12 singularity is a wedge sum of 12 3-spheres. Thus x{X s ) = 
-120 + 4 x 12 = -72. Hence 

X (X S \ {6 points}) -72-6 

y(U) = = = —6 

AV ; 13 13 

□ 

We can now put all this together to prove the main result of this section. 

Proof of Theorem \5.0.1\ Since the resolution M s — > Y s is an isomorphism 
away from the 6 points, four points with exceptional divisor E and two points 
with exceptional divisor E', we have x(M a ) = x{U) + 4%(£ l ) + 2x{E') = 
-6 + 4- 25 + 2- 13 = 120. 



Appendix A 
Computer Calculations 



The following is a Macaulay 2 code for computing T\ of an variety 
X = Proj(T/p), for an ideal p in a ring T. 



A = resolution(p, LengthLimit => 3) 
rel = transpose(A.dd_2) 
dp = transpose jacobian(A.dd_l) 
R = T/p 

Rel = substitute(rel,R) 
Dp = substitute(dp,R) 
Der = image Dp 
N = kernel Rel 
NO = image basis(0,N) 
DerO = image basis(0,Der) 
isSubset(DerO,NO) 
Tltemp = NO/DerO 
Tl = trim Tltemp 
Tlmat = gens Tl 
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APPENDIX A. COMPUTER CALCULATIONS 



13, -5, -3, -6), (0, 0, 1, 0), (3, -1, 0, -1), (8, -3, -1, -3) 
13, -5, -3, -6), (3, -1, 0, -1), (6, -2, -1, -2), (11, -4, -2, -4) 
0, 0, 0, 1), (6, -2, -1, -2), (14, -5, -3, -6), (15, -5, -3, -6) 



6), (3,-1,0,-1), (6, -2, -1,-2), (14, -5,-3,-6) 
(0, 0, 1, 0), (9, -3, -2, -4), (11, -4, -2, -5) 
(0, 0, 1, 0), (7, -2, -1, -3), (5, -1, 0, -2) 
(1,0, 0, 0), (3, 0, 0,-1), (5, -1,0, -2) 
(0, 0, 0, 1), (9, -3, -2, -4), (5, -1, -1, -2) 
(1,0, 0, 0), (7, -2,-1,-3), (5, -1,-1,-2) 
(1, 0, 0, 0), (6, -2, -1, -2), (15, -5, -3, -6) 
(3, -1, 0, -1), (6, -2, -1, -2), (15, -5, -3, -6) 
(1,0, 0, 0), (3,-1,0, -1), (12,-4, -2,-5) 
(1, 0, 0, 0), (9, -3, -2, -4), (12, -4, -2, -5) 
(0, 0, 0, 1), (0, 0, 1, 0), (1, 0, 0, 0) 
(1,0, 0, 0), (3,-1,0, -1), (6,-2,-1,-2) 
4), (1, 0, 0, 0), (7, -2,-1,-3), (5,-1,-1,-2) 
(0, 0, 0, 1), (1,0, 0, 0), (5, -1,-1,-2) 
(7, -2,-1,-3), (3, 0, 0,-1), (5, -1,0,-2) 
1,0), (3, 0, 0,-1), (5, -1,0, -2) 
0, 1,0), (3, -1,0,-1), (11,-4, -2,-5) 
-5, -3, -6), (15, -5, -3, -6), (12, -4, -2, -5) 
-5, -3, -6), (15, -5, -3, -6),(12, -4, -2, -5) 
-5, -3, -6), (14, -5, -3, -6), (12, -4, -2, -5) 
-5, -3, -6), (14, -5, -3, -6),(12, -4, -2, -5) 
0, -1), (6, -2, -1, -2), (11, -4, -2, -4) 
1,0), (3,-1,0, -1), (8, -3,-1,-3) 
0, 0, 1), (3, -1,0,-1), (8,-3, -1,-3) 

0, 0, 1), (6, -2,-1,-2), (11,-4, -2,-4) 
, 0, 0, 1), (6, -2, -1, -2), (14, -5, -3, -6) 

3, -1, 0, -1), (6, -2, -1, -2), (14, -5, -3, -6), (15, -5, -3, -6) 

1, 0, 0), (9, -3, -2, -4), (11, -4, -2, -5) 
-2, -4), (11, -4, -2, -5), (12, -4, -2, -5) 

0, -1), (11,-4, -2,-5), (12,-4, -2,-5) 
), 0), (7, -2, -1, -3), (5, -1, 0, -2) 
0, 0), (7, -2, -1, -3), (3, 0, 0, -1) 

■2,-4), (7, -2,-1,-3), (5,-1,-1,-2) 

2, -4), (1, 0, 0, 0), (7, -2, -1, -3) 
1,0), (1,0, 0, 0), (3, -1,0,-1) 

1, 0, 0), (0, 0, 0, 1), (9, -3, -2, -4) 
-2, -4), (15, -5, -3, -6), (12, -4, -2, -5) 
0, -1), (15, -5, -3, -6), (12, -4, -2, -5) 

0, 0), (9, -3, -2, -4), (15, -5, -3, -6) 

1, 0), (9, -3, -2, -4), (7, -2, -1, -3) 
-2,-4), (1,0, 0, 0), (5,-1,-1,-2) 
1,0), (1,0, 0, 0), (3, 0, 0,-1) 
-1,-3), (3, 0, 0,-1), (5,-1,0,-2) 
-4, -2, -5), (13, -5, -3, -6), (12, -4, -2, -5) 

-4, -2, -5), (13, -5, -3, -6), (12, -4, -2, -5) 
1, 0, 0), (0, 0, 1, 0), (11, -4, -2, -5) 
-2, -4), (14, -5, -3, -6), (15, -5, -3, -6) 
0, 0, 1), (9, -3, -2, -4), (14, -5, -3, -6) 
0, 0, 1), (3, -1,0,-1), (11,-4, -2,-4) 
0, 0, 1), (0, 0, 1, 0), (8, -3, -1, -3) 



13, -5, -3 
0, 1, 0, 
0, 1, 0, 
0, 0, 1, 
0, 1, 0, 
0, 1, 0, 

0, 0, 0, 1 

1, 0, 0, 
0, 0, 1, 
0, 0, 1, 
0, 1, 0, 
0, 0, 0, 1 
9, -3, -2, 

0, 1, 0, 

1, 0, 0, 
0, 1, 0, 0), (0, 0, 
13, -5, -3, -6), (0 
3,-1,0,-1), (14, 
9, -3, -2, -4), (14 
3,-1,0,-1), (13, 
9, -3, -2, -4), (13 
0, 0, 0, 1), (3, -1 
0, 0, 0, 1), (0, 0, 
13, -5, -3, -6), (0 
13, -5, -3, -6), (0 
13, -5, -3, -6), (0 



T31 


(13, -5, -3, 


-6), (0, 


T32 


(0, 0, 1, 0) 


(9, -3, 


T33 


(0, 0, 1, 0) 


(3, -1, 


T34, 


(0, 0, 1, 0) 


(1, 0, 


T35 


(0, 1, 0, 0) 


(1, 0, 


1~36 


(0, 1, 0, 0) 


(9, -3, 


T37 


(0, 0, 1, 0) 


(9, -3, 


T~38 


(0, 0, 0, 1) 


(0, 0, 


T39 


(13, -5, -3, 


-6), (0, 


T~iQ 


(1, 0, 0, 0) 


(9, -3, 


Til 


(1, 0, 0, 0) 


(3, -1, 


1~i2 


(0, 0, 0, 1) 


(1, 0, 


T43 


(0, 1, 0, 0) 


(0, 0, 


T44 


(0, 0, 0, 1) 


(9, -3, 


T45 


(0, 1, 0, 0) 


(0, 0, 


Tie 


(0, 1, 0, 0) 


(7, -2, 


T47 


(9, -3, -2, - 


4), (11, 


TiS 


(3,-1,0,-1), (11, 


T"49 


(13, -5, -3, 


-6), (0, 


T50 


(0, 0, 0, 1), (9, -3, 


T51 


(13, -5, -3, 


-6), (0, 


T52 


(13, -5, -3, 


-6), (0, 


T53 


(13, -5, -3, 


-6), (0, 



Table A.l: The maximal cones of the subdivision S. 



Appendix B 



Explicit Expressions for the 
Varieties in Chapter 3 

In the Pi case, studied in Section 13. 4} the linear entries of M 1 are 
l\ = X4 

k = t 6 5Xl + t 57 X 2 + t 61 X 3 + £ 30 X 5 

h = -x s 

h — ~t55 x l — tb9 x 2 — ^63^3 ~~ ^33^6 

h = —x-j 
and the cubic terms are 

gi = — £15X7 — £17X3X7 — ti$X2Xj — £19X1X7 — t22X2X 3 Xj — £24X1X3X7 

— £25 ^l-^^ 7 — ^36*^1 — t^jX^Xj — £42X3X7 — £43X3 — t^X^ — £47X3X7 
2 2 2 2 2 2 

— terXiX 3 — t$gx 1 X2 — £76X3X3 — £77X1X3 — £82^2^3 — ^83^1^3 

§2 = —t\x\ — t2x\ — t 3 x\ — t§x\ — £9X3X4 — t\§X2x\ — t\\X\x\ 

— tl6xf — ^20^3^7 — ^21^2^7 ~ ^23^1^7 — ^26^5 ~~ ^27^2^5 ~ ^28^3^5 

— ^29^1^5 — ^31^6 — ^32^3^6 — ^34^1^6 — ^35^2^6 — ^48^4^5 ~~ £49^4^5 
2 2 2 2 2 2 2 

— £50X5X6 — £51X5X5 — £52%2?7 — £53^6^7 — ^54^1^6 — ^^2 X ^> ~ t^gX^Xe 

—^60^3^5 — ^62^1^6 — t^xfx^ — t§§x\x-j — t^x\x^ — £72X3X4 — £75X3X7 

— £78X^X4 — £81^3^7 — £843^4^5 — ^85^2^43^5 — t^X\X^X^ — tg-jX^X^X^ 

— £§8X2X5X5 — £39X1X5X5 — £90X3X3X7 — £91X2X5X7 — £92X^X5X7 — X1X3X3 

#3 = — £4^4 — t^X^X^ — t^X^X^ + tftXlxa — t-jX\x\ — t%X2x\ — t\2 x 2XzX^ 
— £13X1X3X4 — £14X1X2X4 — £38^1^-4 — £39^1 — £40-^2 — £41X3X4 — £44X3 
-£ 45 x|x 4 - £70^1^3 - t n xfx 2 - £73^2^3 - £74^1^2 ~ £79^2^3 - £80^1^3 
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APPENDIX B. EXPLICIT EXPRESSIONS 



In the P 2 7 case, studied in Section 13. 5\ the cubic g is 

9 = UbXj + tw^etf + t 17 X4Xj + £13X3X7 + £19X2X7 + £21X3X5X7 + t 22 X 3 X 4 X 7 
+t 23 X 2 XQX 7 + £24X2X4X7 + ^50^2 + thl x \ x 7 + ^52^2 a; 6 + tb3 x 2 X 4: + ^55^3 
+£55X3X7 + £57X3X5 + £58X3X4 + ^65^4 + ^66^4^7 + ^68^3^4 + ^69^2^4 

+t 75 x 3 6 + t 76 xjx 7 + t 78 x 3 xj + t 79 x 2 xl , 
and the quadrics qi , . . . , g 4 are 

Ql — tioxf + £12X3X5 + £13X2X5 + £34X2 + £36X3 + ^60^4 + ^61^4^5 
+t 6 2X 3 X 4 + ^63^2^4 + t 70 X 5 X 6 + hixj + ^72^3^6 + t 73 X 2 X G 

q 2 = x 4 x 6 + £ix| + t 2 x\ + t 8 xf + tnxl + t 2b x 7 + ^29^1^5 + t 32 x 2 x 3 + t 35 x 2 x 5 

+^37X3X5 + t^X x X 2 + t 4 8^1^3 + h A X 2 X 7 + ^59^3^7 

<?3 = X 2 X 3 + hx\ + U x 1 + t e xl + £14X5 + t 20 X 7 + t 2% X\X± + ^28^1^5 + ^30^1^6 
+£39X4X6 -|- £54X4X5 + £57X4X7 -|- £74X5X6 + £77X5X7 

= t§x\ + £7X1X5 + £9X1X4 + t 27 x\ + £31X5 + £49X1X2 + £41X2 + £42X2X6 
+£44X2X4 + £45X1X3 + £46X3 + £47X3X6 + £49X3X4 . 

In the Pi case, studied in Section 13. 6[ the entries of the syzygy matrix M 1 
are given by 

g = X1X2X3 + Ux\ + £4X2 + £7^3 + t w xl + £12X3X4 + £13X2X4 + £14X1X4 

+£l 5 xf + £17X3X5 + £18X2X5 + £19X1X5 + £20^6 + ^1X7 + £23^3^6 + ^24X2X5 
+^25^1^6 + t 27X3X 7 + t 28 X 2 X 7 + £29X1X7 + £36^4 + £ 3 8^5 + Uqx{xq 
+£42X1X7 + £44X2X4 + £43X2X5 + £43X2X6 + £50X2X7 + £52X3X4 + £54X3X5 
+£56X3X6 + £58^3^7 + ^60^4^6 + t^X^X^XQ + £62X2X4X6 + £63^1^43^6 
+£54X4X7 + t^X3X 4 X 7 + tQ(jX 2 X4X 7 + £57X1X4X7 + £68X5X6 + £59X3X5X6 
+£70X2X5X6 + £71X1X5X6 + t 72 x\x 7 + £73X3X5X7 + £74X2X5X7 + £75X1X5X7 
+£76X4X5 + £77X4X7 + £78X5X5 + £79X5X7 

qi = X4X5 + £ 2 X^ + £5X2 + £8^3 + ^22^6 + ^26^7 + ^30^1^2 + ^32^1^3 + ^34^2^3 

+£ 4 iXix 6 + t i3 xix 7 + £49^2^6 + h\x 2 x 7 + t 57 x 3 x e + £59X3X7 

q 2 = x 6 x 7 + £ 3 xf + £ 6 x| + t 9 x 2 3 + t lx x\ + t 16 xl + £ 3 iXiX 2 + £33^1^3 + ^35^2^3 
+£37X1X4 + £39X1X5 + £45X2X4 + £45X2X5 + £53X3X4 + £55X3X5 . 
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In the Pj case, studied in Section 13.7} the quadrics are given by 



qi = ho^l + t 2 2X 2 2 + £35X1X3 + ^38^2^3 + £57X3 + £34^X4 + h 7 X 2 X A 

+t(nxl + t 2 lX 1 X 5 + t 23 x 2 x 5 + £ 8 x 3 x 5 + £ 7 x 4 x 5 + £5X5 

q 2 = tix'f + t 3 o^i^2 + hxl + x 3 x 4 + £ 33 XiX 5 + £36^2X5 + texj + t 48 XiX 6 
+t 52 x 2 x 6 + £53X5X5 + ti 6 xl + £50X1X7 + £55X2X7 + £55X5X7 + tux 7 

q 3 = —X\X 2 — t 3 x\ — £39X3X4 — £4X4 — £56X3X5 — £66X4X5 — £9X5 — £58X3X6 

—£60X4X6 — £62X5X6 — £15X5 — £42X3X7 — £45X4X7 — £64X6X7 — £11X7 

qi — ~~t , oix\ — £54X2 — £44X1X3 — £43X2X3 — £26X3 — £47X4X4 — £46X2X4 
—£28X4 — £13X1X7 — £12X2X7 — £27X3X7 — £29X4X7 — £10X7 , 

and the linear forms are given by 

h — tigXi + £19X2 + £32X3 + £31X4 
h = x 7 
h — —X6 

h = £49X1 + £53^2 + £59^3 + £61^4 + £17^6 

Z 5 = X5 

^6 = £41X1 + £40^2 + £24^3 + £25X4 ■ 



In the P 5 7 case, studied in Section 13. 8[ the entries of the syzygy matrix M 
are 



h = 


t&X\ + £9X3 + £24X2 


k = 


£1X1 + £23^3 + £26^6 + £44X4 + £45^5 


h = 


£5X5 + £36X3 + £42X7 + £46X1 + £48X2 


u = 


£15X3 + £17X5 + £35X4 


h = 


£10X1 + £nx 6 + £25X7 


h = 


£6X6 + £27^1 + £39^4 + £50^2 + £52^3 


h = 


£3^3 + £22X1 + £34X5 + £51X6 + £54^7 


h = 


£18X4 + £19X6 + £38^5 


h = 


£4X4 + £30X2 + £37X6 + £43X1 + £56X7 


ho - 


- £12X2 + £13X4 + £29X3 


hi = 


- £2X2 + £28X4 + £31X7 + £47X5 + £49X6 


ll2 = 


= £14X2 + £15^7 + £33^1 


h3 = 


- £7X7 + £32X2 + £41X5 + £53X3 + £55X4 


hi - 


- £20X5 + £21^7 + £40^6 • 



APPENDIX B. EXPLICIT EXPRESSIONS 
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